RELATIVE KAZHDAN LUSZTIG CELLS 



MEINOLF GECK 

Abstract. In this paper, we study the Kazhdan-Lusztig cells of a Cox- 
eter group If in a "relative" setting, with respect to a parabolic sub- 
group Wi C W . This relies on a factorization of the Kazhdan-Lusztig 
basis {C™} of the corresponding (multi-parameter) Iwahori-Hecke alge- 
bra with respect to Wi. We obtain two applications to the "asymptotic 
case" in type B n , as introduced by Bonnafe- Iancu: we show that {C„} 
is a "cellular basis" in the sense of Graham-Lehrer, and we construct 
an analogue of Lusztig's canonical isomorphism from the Iwahori-Hecke 
algebra to the group algebra of the underlying Weyl group of type B n . 



1. Introduction 

Let If be a Coxeter group and L: W — > Z^q be a weight function, in 
the sense of Lusztig ^H]- This gives rise to various pre-order relations on 
W, usually denoted by and ^cn- Let ~£, and ^cn be the 

corresponding equivalence relations. The equivalence classes are called the 
left, right and two-sided cells of W, respectively. They were first defined by 
Kazhdan and Lusztig |13j in the case where L is the length function on W 
(the "equal parameter case"), and by Lusztig ^1 in general. They play a 
fundamental role, for example, in the representation theory of finite or p-adic 
groups of Lie type; see Lusztig ^7] and the survey in ^3 Chap. 0]. 

The definition of the above relations relies on the construction of the 
Kazhdan-Lusztig basis {C^ | w € W} in the associated Iwahori-Hecke 
algebra H. This paper arose from an attempt to show that the basis {C w } 
is a "cellular basis" in the sense of Graham-Lehrer [12], in the case where 
W = W n is of type B n with diagram and weight function given by 
baa a 

Bn Q Q O ' • ' O 

where a,b are positive integers such that b/a is "large" with respect to n. 
This is the "asymptotic case" studied by Bonnafe-Iancu 

After a number of intermediate results, this goal will be achieved in Sec- 
tion H3 Those intermediate results concern properties of left, right and two- 
sided cells which are important in their own right. In fact, combining the 
results in this paper with the results of Bonnafe-Iancu [3], Bonnafe [3] and 
Geck-Iancu |10| . we have that (PI)— (P14) from Lusztig's list of conjectures 
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in |18| Chap. 14], as well as a weak version of (P15), hold in the "asymp- 
totic case" in type B n . The weak version of (P15) is sufficient, for example, 
to establish the existence of an analogue of Lusztig's canonical isomorphism 
|14j for the two-parameter Iwahori-Hecke algebra of type B n . (These things 
will be discussed at the end of this paper, in Section 7.) 

The main and unifying idea of this paper is to combine the existing theory 
(due to Lusztig in general, and to Bonnafe and Iancu as far as type B n is 
concerned) with a detailed analysis of the decomposition of the Kazhdan- 
Lusztig basis of a Coxeter group with respect to a parabolic subgroup, based 
on the author's article |B]. 

Here is the first property that we consider in this paper. It has been con- 
jectured by Lusztig |18l 14.2] that we always have the following implication 
for elements x,y in a Coxeter group W: 

(4k) x ^£ y and x ~ C il V x ~£ y. 

This is known to hold in the equal parameter case when W is a finite or affine 
Weyl group 1 ; see Lusztig |17j . However, although all the notions involved 
in the above statement are completely elementary, the proof is surprisingly 
complicated: it relies on a geometric interpretation of the Kazhdan-Lusztig 
basis of TC and some deep results from algebraic geometry; see Springer 
and Lusztig ^Zj. A somewhat different proof is given by Lusztig ^1] for 
finite Weyl groups (relying on the connection between cells and primitive 
ideals in universal envelopping algebras via the main conjecture in JS]); in 
that article, (4k) is used to construct a canonical isomorphism from TC to 
the group algebra of W. The property (4k) also plays an important role in 
Lusztig's study jlH] of representations of reductive groups over finite fields. 

In Section 4, we develop the formulation of a relative version of (4k), 
taking into account the presence of a parabolic subgroup Wj C W. (The 
original version of (4*) corresponds to the case where Wj = W .) The tools 
for dealing with this relative setting are provided by jHj ; we recall the basic 
ingredients, with some refinements, in Section 3. We conjecture that the 
relative version of (4*) holds for all W, L and all choices of Wj C W. In 
Section 4, we prove our conjecture for finite and for affine Weyl groups in 
the equal parameter case. The method is inspired by Lusztig's proof of (4*) 
in |18l Chap. 15]. The additional complication arising from the presence of 
Wj is dealt with by Lemma 14.71 which reduces to a triviality if Wj = W. 

A priori, we do not have any geometric interpretation of the Kazhdan- 
Lusztig basis in the general case of unequal parameters. (Note, however, that 
there is a conjectural geometrical interpretation by Lusztig [181 Chap. 27] for 
certain values of the parameters.) So the above methods and results will not 
apply in type B n with parameters as specified as above. In Theorem 15.131 
we do prove (4k) in this case, by reduction to the relative version of (4k) for 

1 Other situations where (♦) is known to hold include the quasi-split case discussed in 
|18l Chap. 16] (which is derived from the equal parameter case), and explicitly worked 
examples like the infinite dihedral group in |18l Chap. 17] or type F4 in [S]. 
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the symmetric group & n . Thus, eventually, the proof of (4) in type B n also 
rests on the geometric interpretation of the Kazhdan— Lusztig basis for & n . 
The proof of that reduction argument occupies almost all of Section this 
relies once more on the results in [Hj, and on the results of Bonnafe-Iancu 
|Sj and Bonnafe [3] on the left cells and two-sided cells, respectively. At one 
point in the proof, we also use an idea of Dipper-James-Murphy j§] to deal 
with the action of the generator with parameter b in the above diagram. 

In Section 6, we go on to study the representations carried by the left 
cells in the "asymptotic case" in type B n . The main result, Theorem 16.31 
shows that two left cells which afford the same character actually give rise 
to exactly the same representation (and not only equivalent ones). Again, 
the proof relies on the techniques in jS], concerning the "induction" of cells. 
An analogous result for the left cell representations of the symmetric group 
has already been obtained by Kazhdan-Lusztig in their original article ^3] 
where they introduced left cells and the corresponding representations. 

Combining the main results of Bonnafe-Iancu [3] and Bonnafe 4 with 
Theorem 15 . 1 31 and Theorem l6.3l in this paper, we immediately get that {C w } 
is a "cellular basis" in the "asymptotic case" in type B n ; see Corollary 16.41 

As a further application of our results, we can exhibit a new basis in the 
Iwahori-Hecke algebra of type B n whose structure constants are integers. (In 
fact, the structure constants are 0, 1.) This uses an idea of Neunhoffer |19j 
concerning an explicit Wedderburn decomposition in terms of the Kazhdan- 
Lusztig basis. We show that the subring generated by that basis is nothing 
but Lusztig's ring J; we also obtain an analogue of Lusztig's homomorphism 
from the Iwahori-Hecke algebra into J; see Section 7. As an application, this 
gives rise to a "canonical" homomorphism from the generic Iwahori-Hecke 
algebra of type B n into the group algebra of the underlying Weyl group. An 
explicit example is worked out in Example 17.91 In the equal parameter case, 
such a homomorphism was first constructed by Lusztig |14j . 

We close this introduction with the remark that the results in Sections 2— 
4 hold for general Coxeter groups and may be of independent interest. The 
applications to type B n , to be found in Section 5-7, depend on the two 
articles by Bonnafe-Iancu [Hj and Bonnafe [3] (where the left cells and the 
two-sided cells are determined), but are otherwise self-contained. 

2. The basic set-up 

We begin by recalling the basic definitions concerning Kazhdan-Lusztig 
cells in the general multi-parameter case. Let W be a Coxeter group, with 
generating set S. (We assume that S is a finite set, but the group W may 
be finite or infinite.) In ^H], the parameters of the corresponding Iwahori- 
Hecke algebra are specified by an integer-valued weight function. Following 
a suggestion of Bonnafe [3J, we can slightly modify Lusztig's definition so 
as to include the more general setting in ^S] as well (where the parameters 
may be contained in a totally ordered abelian group). So let T be an abelian 
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group (written additively) and assume that there is a total order ^ on T 
compatible with the group structure. (In the setting of JH]) we take r = Z 
with the natural order.) 

Let A = Z[T] be the free abelian group with basis {e 7 | 7 G T}. There is 
a well-defined ring structure on A such that e 7 e 7 = e 7+7 for all 7,7' G T. 
(Hence, if T = Z, then A is nothing but the ring of Laurent polynomials in 
an indeterminate e.) We write 1 = e° G A. Given a G A we denote by a 7 
the coefficient of e 7 , so that a = X^ 7 gr a 7 e7 - We- let A^q := (e 7 | 7 ^ 0)z; 
similarly, we define A>o, -A^o and ^4<o- We say that a function 

L: W -> r 

is a weight function if L(ww') = L(w) + L(w') whenever we have l(ww') = 
l(w) + where I: W — ► N is the usual length function. (We denote 

N = {0,1,2,...}.) We assume throughout that L(s) > for all s € S. 
Let 7i = Tt(W, S, L) be the generic Iwahori-Hecke algebra over A with 
parameters {q s \ s G S} where q s := e L ^ for s G S. The algebra TL is free 
over A with basis {T w \ w G W}, and the multiplication is given by the rule 

TT _j T sw if l(sw) > l(w), 

s w \ T sw + {q s - q~ l )T w if l(sw) < l(w), 

where s G S and w G W. (Note that the above elements T w are denoted T w 
in HS|.) 

For any a £ A, we define a := ^ 7 gr a -y e ~ J - We extend the map a 1— ► a to 
a ring involution H —> Ti, h >—> h, by the formula 

^ ^ a wT w = ^ ^ a w T w _ 1 [a w G A). 

Now we have a corresponding Kazhdan-Lusztig basis of which we denote 
by {Cm I w G W} 2 . The basis element C w is uniquely determined by the 
conditions that 

C w = C w and C w = T w mod H<o, 
where 7^<o := Ylwew A<qT w ; see Prop. 2] and ^2 Theorem 5.2]. 
2.1. Multiplication rules. For any x,y G W, we write 

C x C y = ^a;,j/,z C 2 where G vl for all x,y, z € W. 

An easy induction on l{x) shows that T x T y is a linear combination of basis 
elements T z where l(z) sj Z(x) + This also implies that 

2 Note that this basis is denoted by C' w in |15| and by c w in |18|. 
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We have the following more explicit formula for s G S, y G W (see [I]5 ( §6]): 

C sy + M z, y C z Hsy>y, 



Cy 



sz<_z<_y 



{is + q s *) C y if sy < y, 

where M^ y = M s zy G A is determined as in ^3 §3] and ^ denotes the 
Bruhat-Chevalley order. In particular, we have 

h s ,y,z =4> z = y > sy or z = sy > y or sz < z < y < sy. 

2.2. The Kazhdan Lusztig pre-orders. As in |181 §8], we write x <— £ U 
if there exists some s G S such that h S)V ^ x ^ 0, that is, C x occurs in C s C y 
(when expressed in the C-basis). The Kazhdan-Lusztig left pre-order ^£ is 
the relation on W generated by <— £, that is, we have x ^£ U if there exists 
a sequence x = xq, x\, . . . , Xk = y of elements in W such that <— £ %i 
for all i. The equivalence relation associated with ^£ will be denoted by ~£ 
and the corresponding equivalence classes are called the left cells of W. 

Similarly, we can define a pre-order by considering multiplication by 
C s on the right in the defining relation. The equivalence relation associated 
with ^7?. will be denoted by ^ n and the corresponding equivalence classes 
are called the right cells of W. We have 

This follows by using the antiautomorphism b: H —* TC given by Tjj, = T w -i; 
we have = C w -i for all w G W; see ^2 5.6]. Thus, any statement 
concerning the left pre-order relation ^£ has an equivalent version for the 
right pre-order relation ^7^, via b. Finally, we define a pre-order ^cn by 
the condition that x ^cn V if there exists a sequence x = xq, x%, . . . , Xk = y 
such that, for each i G {1, . . . , k}, we have ^£ X{ or Xi-\ X{. The 
equivalence relation associated with ^cn will be denoted by ^ciz and the 
corresponding equivalence classes are called the two-sided cells of W. 

2.3. Left cell representations. Let <t be a left cell or, more generally, a 
union of left cells of W. We define an 7^-module by [€]a '■= ^c/^c, where 

3d := (C w I w ^£ z for some z G £)a> 

3(r := (C w I w G" (£, w ^£ z for some z G £)a- 

Note that, by the definition of the pre-order relation ^£, these are left ideals 
in TC. Now denote by c x (x G <£) the residue class of C x in [<£]a- Then the 
elements {c x \ x G <£} form an ^4-basis of [C]^ and the action of (w G W) 
is given by the formula 
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Assume now that £ is a finite set and write £ = {x\, . . . , Xd}- Let {ci, . . . , Cd} 
be the corresponding standard basis of [£]a, where Ci = c Xi for all i. Then 
we obtain a matrix representation 

3C<i: H ->■ M d (A) where X e; (C 1 _ u ) = {h w , x ^ Xi ) ^. .^ 

for any io G W. Thus, h WjXjjXj is the (2, j )-coefficient of the matrix Xg^C^j). 

Although this will not play a role in this paper, we mention that, for 
various reasons, it is sometimes more convenient 3 to twist the action of Ji 
on [<t\ji by the ^4-algebra automorphism 

5:H^H, Ts^-T- 1 (seS). 

We shall often write h s instead of 5(h). As in |18[ 21.1], we define a new 
^-module by taking the same underlying ^4-module as before, but where 
the action is given by the formulas 

Ci-Cx = h W)X>y Cy (w G W, x G £). 

We denote this new "^-module by [€\ A . It is readily checked that [£]^ = 
5(3 C )/5(3 C ). 

Remark 2.4. We have a unique ring involution j : TL ^ TC such that j(e y ) = 
e~ 7 for 7 6 T and j(T w ) = (—l) l ( w 'T w for w G W. Then j commutes with 
5 and the composition j o 5 is nothing but the involution h i— > /i on see 
[TBI §6]. Thus, we have 

i^C,!,) = <5(C W ) = j(C w ) for any to G W. 

This observation can be used to obtain formulas for 5(h) (h G H) which 
would be difficult to compute using the definition of 5. For example, we 
obtain 

s(c w ) = j(c w ) = (-iyn Tw + j2(-i) l ^p;, w T y 

for any w G W. 

We shall be interested in the following property. 

Definition 2.5. Let £ and £1 be left cells or, more generally, be unions of 
left cells of W. We write £ rs Ci, if there exists a bijection £ —t £i, x h- > xi, 
such that the following condition is satisfied: 

h w>x>y = h WtX1>yi for all io G and all i,t/€t 

•^Here is a simple example to illustrate this point: Let £ = {1} be the left cell consisting 
of the identity element of W. Then [£]a affords the representation T s i— > — q" 1 (s £ S) and 
[<£]5l affords the representation T s i— > g s (s € S 1 ). Specializing g s i— » f, we obtain the sign 
and the unit representation of W, respectively. It is sometimes more natural to associate 
the unit representation with the left cell {1}; so one should work with in this case. 
Especially, this can be seen in |18l Chap. 21] where Lusztig works with [<L]a throughout. 
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This means that the 7Y-modules [<£\a an d [£i]a are n °t only isomorphic, but 
even the action of any C w (w € W) is given by exactly the same formulas 
with respect to the standard bases of [€]a and [£]a> respectively. A similar 
remark applies, of course, to the 7Y-modules [£] S A and [<£i]^. Note that, 
in order to verify that (^?) holds, it is enough to consider the case where 
w = s £ S (since the elements C s , s € S, generate H as an A-algebra). 

Example 2.6. Let W = & n be the symmetric group, with generating set 
5 = {si, . . . , s n -i} where Sj = + 1) for 1 ^ i ^ n — 1. Let r = Z with 
its natural order, and set q := e . Then A = Z[T] = Z[g, q^ 1 ] is the ring of 
Laurent polynomials in an indeterninate q. Let L: 6 n — > Z be the weight 
function given by L(si) = 1 for 1 ^ i ^ n — 1, and denote by H{& n ) the 
corresponding Iwahori-Hecke algebra over A. Thus, we have the following 
diagram specifying the generators, relations and parameters: 

si s 2 

^-i o — o — • • • — o 

UsY- q q q 

The classical Robinson-Schensted correspondence associates with each ele- 
ment a € & n a pair of standard tableaux (A(a), B(a)) of the same shape. 
For any partition v of n, we set 

%K V := {a € & n | A(a), B{a) have shape v}. 

Thus, we have & n = JJ where v runs over all partitions of n. Then the 
following hold. 

(a) For a fixed standard tableau T , the set {a € & n \ B(o~) = T} is 
a left cell of & n and {a € & n \ A(o~) = T} is a right cell of & n . 
Furthermore, all left cells and all right cells arise in this way. 

(b) Let be left cells and assume that <£ C Ci C Then we 
have £ ~ Ci if and only if v = v\. The required bijection from £ 
onto (£i can be explicitly described in terms of the "star" operation 
defined in ^3 §4]. 

These statements were first proved by Kazhdan-Lusztig ^3 §5]. (See also 
Ariki 1 .) It is actually shown there that the bijection x i— > x\ is determined 
by the condition that x £ <£ and x\ G £i lie in the same right cell. In 
Proposition 12.131 we will see that this property automatically follows from 
some general principles. 

Lemma 2.7. Let ip: W — > W be a group automorphism such that <p(S) = S 
and q<p( s ) = q s for all s G S. Let £, £i be left cells of W. Then ¥?((£), <p(£i) 
are left cells and we have <£ ~ (£\ if and only if (p(<£) ~ ip{£.\). 

Proof. Our assumptions imply that ip induces an A-algebra automorphism 
ip: H —> Ti such that <p(T w ) = T^r^ for all w E W. It is readily checked 
that (p commutes with the involution hi—* h of 7i. This implies that 
(p{C w ) = C v{w) for all w G W. 
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Consequently, we also have h x , y , z = 'WaOiV'CsOiV'C*) ^ or an x ' ^' z ^ ^ ^ e 
definition of left cells, this yields that ip preserves the partition of W into 
left cells and that we have <£ ~ <t± if and only if ~ □ 

Lemma 2.8. Assume that W is finite and let wq E W be the unique element 
of maximal length. Let (£ and <ti be left cells such that (t ~ Then we 
also have <£wq « Ciitfo an d wo£ « luod.. (Note Z/iai £woj <£i^o ^o£, 
u>o£i are Ze/t cells; see ^Bl Cor. 11. 7]. ) 

Proof. First we prove that (two ~ d^o- Let £ — > d, x i— > xi, be a bijec- 
tion such that ( < v ) ) holds; see Definition 12.51 In particular, this means that 
h a ,x,v = h s ,xi,yi for all s E S and x,y E C 

Now recall the formula for multiplication by C s from (j2.1j) . That formula 
shows that, for any s £ S and any x E £, we have sx < x if and only if 
sx\ < x\. Furthermore, by |18[ Prop. 11.6], we have 

M* wo , ywo = -(-lf x)+Kv) M* tX if S y<y<x<sx. 

Hence we obtain 

hs,xwo,ywQ — fas,x\wo,y\WQ for all s £ S and x, y E £. 

Consequently, holds for the bijection <£wq — ► £itt?cb l— ► xit^o- Now 
consider the group automorphism ip: W ^ W given by = u>ow^o- It is 
well-known that <p(S) = S. Furthermore, since s E S and ip(s) are conjugate, 
we have q s = q^ s y Hence, Lemma 1X71 shows that ioo<£ioo and wo^i^o are 
left cells such that wq<Lwq ~ wod^o- Hence the previous argument shows 
that u>o<£ = (wq£.wo)wq « (iuo<£iiuo)^o = u>o£i. ^ 

We close this section with some results which show that, under suitable 
hypotheses, a bijection £ — > <t\, x i— > xi, satisfying Cv 1 ) automatically re- 
spects the right cells of W . (These results will also play an important role 
in Section UJ) Let us assume throughout that W is a finite group. Since the 
group r is totally ordered, A = Z[T] is easily seen to be an integral domain. 
Let K be the field of fractions of R[r] D A. By extension of scalars, we 
obtain a if -algebra TLk = K ®a TL. 

Remark 2.9. The algebra TLk is split semisimple. 

Proof. The fact that TLk is semisimple relies on two ingredients: firstly, WW 
(the group algebra of W over R) is known to be split semisimple and, sec- 
ondly, M[r]<8>A^ specializes to WW, via the ring homomorphism : R[T] — > R 
such that #(e 7 ) = 1 for all 7 E T. Then it remains to use known results on 
splitting fields; see |11[ §9] and the references there. For more details, see 
[Till Remark 3.1]. □ 

Let Irr(Wftr) be the set of irreducible characters of TLk- We write this set 
in the form 

Itt(TL k ) = {xx I A E A}, 
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where A is some finite indexing set. The algebra TLk is symmetric with 
respect to the trace function r: TLk — * K defined by r(Ti) = 1 and t(T w ) = 
for W; see [TI] §8.1]. The fact that TLk is split semisimple yields 

that 

r = V — XX where + c x G M[T]; 

see ^2 §7-2 and 9.3.5]. The elements c\ are called the Schur elements. 

For any A € A, let us denote by X\ : Hk — > -Md A (if) a matrix represen- 
tation with character xa- Let 3t£(h) denote the (i, j)-coefncient of X\(h) 
for any /i G TLk- By Wedderburn's theorem, the algebra TLk is abstractly 
isomorphic to the direct sum of the matrix algebras Md x {K) (A G A). Since 
TLk is symmetric, this isomorphism can be described explicitly: 

Proposition 2.10 (Explicit Wedderburn decomposition). Let B be any ba- 
sis of TLk and B y = {b v \ b G B} the dual basis with respect to r. We 
set 

E X = - E X A (&) 6 V for any A G A, 1 < i, j < d x . 
Cx beB 

Then X\(EV) G Md x (K) is the matrix with (i, j)- coefficient 1 and coefficient 
otherwise. Furthermore, if \i ^ X, we have X^(E^) = for all 1 ^ k,l ^ 
da- In particular, the elements 

{E\ 3 | A G A, 1 < < d x } 

form a basis of TLk- 

(For a proof, see Prop. 7.2.7], for example.) 

We want to apply the above result to the Kazhdan-Lusztig basis B := 
{C w | w G W}. The dual basis can be described as follows. We set 

D z -a := (-1)^)+^>)C1 T wo for any z G 

where wq € W is the unique element of maximal length. Then we have 

/ n \ / 1 if w = z, 

[0 it w 7^ z; 

see Prop. 11.5]. Hence we have = D^-i for all w G W . In particular, 
the structure constants of TL can be expressed by 

h x , y ,z = T(C x C y Y> z -i ) for all x,y,z G 

This immediately yields that 

C x ~D y -i = /Ho,x,y D^-i for any x,y eW. 

The following two results were observed by Neunhoffer in his thesis |191 
Kap. VI, §4]. For any left cell £, denote by xc the character afforded by the 
left cell module [<t] K := K ® A [£] A of TL K - 
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Lemma 2.11 (Neunhoffer). Let £ be a left cell such that xt G Irr(Hic). 
Writing <£ = {x\, . . . , Xd} and using the notation in A2.3\) . we have 

Ef = — C Xi D-i for 1 < i, j < d, 

where A € A is such that xx = Xc an d where we take X\ = X<r. In particular, 
we have Xx(C Xi T> Xj ) / and Xfj,(C Xi D Xj ) = for any \i G A \ {A}. 

Proof. Since Neunhoffer only considers the case of the symmetric group, we 
give a proof here. By the formula in Proposition 12.11)1 we have 

E^ = — ^2 ^{Cw^w- 1 where X\ := X<r. 
We have observed in (|2.3|) that X 3 ^(C W ) = h W)Xi)Xj . Hence we have 

A w€W X 

as desired. The remaining statements are clear by Proposition I2.1U1 □ 

Lemma 2.12 (Neunhoffer). Let £, £i be two left cells of W such that 
£ ~ (Ei. Let <t — > £i, a; i— »■ a?i, fee a bijection such that condition (^?) in 
Definition \2. 51 holds. Then we have 

C x D y -i = C^D -i /or a// x,y & <t. 

Proof. Condition (<s?) means that h WtX>y = h WjXl>yi for all u; € and all 
x,y & <t. Hence we also have 

CiDj-i — ^ ^ h W X yY) w —i — ^ ^ h w xi y 1 D^— i — C Xl T)y-i, 
wgw weW 
as required. □ 

Proposition 2.13. In the above setting, let £, £i 6e /e/t ce/fe swe/i £/ia£ 
Xe = XCi G Irr^x) anc? £ ~ £i . Let £ x i— > xi, be a bijection such 

that condition ^v 1 ) in Definition \2. 51 holds. Then we have x x\ for any 
x £<£. 

Proof. Let ie£. We show that x\ x. To see this, we argue as follows. 
Choose an enumeration of the elements in £ where x is the first element. 
Consider the corresponding matrix representation X<r. By Lemma I2.11| 
Xe;(C z D z -i) is a matrix with a non-zero coefficient at position (1,1) and 
coefficient otherwise. Consequently, some coefficient in the first row of 
X<r(C x ) must be non-zero. Using ()2.3jl we see that there exists some y £ £ 
such that h x>y ^ x ^ 0. Then, by Cv 1 ), we have h xm>xi = h x>y>x ^ and so 
%i x -, a s claimed. 

We now apply a similar discussion to the left cell (£i and the element x\. 
Working with the representation X^ , we see that there exists some Z\ € £i 
such that hxi,zi,xi 7^ 0. But then we have h XltZtX = h Xl}ZltX1 ^ and so 
x x\. Hence we conclude that x x\. □ 
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Example 2.14. Let us consider once more the case where W = & n , as in 
Example 12.61 It is shown by Kazhdan-Lusztig ^2] that 

Xe e lxr(H(e n ) K ) for any left cell £ C 6„. 

Now let £, £i be left cells such that (£ ~ £xj see Example I2.6f b) for a char- 
acterisation of this condition. Let £ — > <£i, x i— > xi, be a bijection such that 
condition in Definition 12.51 holds. Then, by Proposition 12,131 we have 
x xi for any x G (£. However, the Robinson-Schensted correspondence 
shows that two elements which lie in the same left cell and in the same right 
cell must be equal. Hence the element x\ £ <t\ is uniquely determined by 
the condition that x x\. 

3. On the induction of Kazhdan-Lusztig cells 

In [S], it is shown that the Kazhdan-Lusztig basis of H behaves well with 
respect to parabolic subalgebras. One of the aims of this section is to show 
that the relation "~" in Definition 12.51 also behaves well. Corollary 13. 1UI 
(obtained at the end of this section) will play a crucial role in the proof 
of Theorem 16.31 In a different direction, the techniques developed in this 
section lay the foundations for the discussion of the relative version of 

We keep the basic set-up of the previous section. Let us fix a subset 
ICS and consider the corresponding parabolic subgroup Wi = (I) C W. 
Let Tii = (T w | w G Wj)a be the parabolic subalgebra corresponding to 
Wj. It is clear by the definition that, for any w E Wj, we have that 
computed inside Hi is the same as C w computed in Tt. 

The following definitions already appear, in a somewhat different form, 
in the work of Barbasch-Vogan [21 §3]. 

3.1. Relative Kazhdan Lusztig pre-orders. Given x,y 6 W, we write 
x <— £,i y if there exists some s € / such that h Sjy ^ x ^ 0, that is, C x occurs in 
C s C y (when expressed in the C-basis). Let ^c,i be the pre-order relation 
on W generated by <—£,/, that is, we have x ^c,i V if there exists a sequence 
x = xo, xi, . . . , Xk = y of all elements in W such that *—c,i %i fo r all 
The equivalence relation associated with ^c,i will be denoted by ~c,i an d 
the corresponding equivalence classes are called the relative left cells of W 
with respect to /. Note that the restriction of ^c,i to Wj is nothing but 
the usual left pre-order on Wj. 

Similarly, we can define a pre-order by considering multiplication 

by C s (s G I) on the right in the defining condition. The equivalence 
relation associated with will be denoted by an d the corresponding 
equivalence classes are called the relative right cells of W (with respect to 
I). We have 

x ^n,i y x^^ciy' 1 - 

This follows, as before, by using the antiautomorphism b : TL — > TL given 
by = T w -i. Finally, we define a pre-order ^ck,i by the condition that 
x ^cn,i V if there exists a sequence x = xq, xi, . . . , Xk = y such that, for each 
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i G {1, . . . , k}, we have Xj_i ^c,i %i or Xj_i ^n,i^ %i- The equivalence rela- 
tion associated with ^cn,i will be denoted by and the corresponding 
equivalence classes are called the relative two-sided cells of W. 

Let Xi be the set of distinguished left coset representatives; we have 

Xj = {w G W | w has minimal length in wWj}. 

Furthermore, the map Xj x Wi — > W, (x,it) h- » zm, is a bijection and we 
have £(xit) = Z(x) + Z(it) for all it G Vt^- and all x G X/. We define a relation 
"C" as follows. Let x,y G X/ and it, u G W/. We write xu \Z yv if x < y 
(Bruhat-Chevalley order) and it u (Kazhdan-Lusztig pre-order). We 
write xu yv if xu \Z yv 01 x = y and u = v. With this notation, we have 
the following result. 

Proposition 3.2 (See [HI Prop. 3.3]). For any y G Xj, v G Wj we have 

Cyv = Pxu,yv Tx C u 

x£Xj,ueWj 

xuH.yv 

where V%v,yv = 1 and P*xu,yv € -4<o /or ux\Zyv. 

For later use, we have to recall the basic ingredients in the construction 
of the polynomials p* xu ^ yv ; we also prove some refinements of the results in 
[HI §3]. Let y G Xj and v G W/. Then we can write uniquely 

TyC v = T 1 C v = ^ ^ r xu,yvT x C u where r xu ^ yv G A 

and where only finitely many terms r XU)VV are non-zero. 

Lemma 3.3. Let x,y G X/ and it, u G Wj. T/ten we /taue r xu>yv = unless 
l(xu) < l(yv) or xu = yv. Furthermore, we have 

Txu,yv ^ ^ ^ ^ ^xw,y Pw',w hw',v,u 
weWj w'eW i 

where p w > )W G A are independent of x, y, it, v and the R* zy G A are the 
"absolute" R-polynomials defined in |151 §1]. 

Proof. First we establish the above identity. Let us fix y G Xi and v G Wj. 
We can write 

Now let z £ W be such that T z occurs in the above expression. Then we 
can write z = xw where x G Xj and w G Wi; note that x ^ z ^ y. Since 
l(xw) = l{x) + l(w), we have T z = T x T w and so 

T y JiC v = ^2 Rxw,yTxT w C v . 
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Now, by P3J Theorem 5.2], C w is a linear combination of terms T w < where 
w' ^ w and the coefficient of T w is 1. Hence we can also write T w = 
J2 W ' Pw',wC w ' where p w ^ w = 1 and p w ' )W = unless w' ^ w. Thus, we have 

2^-1 C„ = ^ ^ ^ ] ^xw,y ^ ] Pw' ,w T x C w i C v 



^ ] ^ ] ( ^ ] ^ ] ^-xw,yPw',w h w ' jV)U jT x C u 



xexj u£Wi weWj w'ewj 

x^y x-w^y w l ^ w 

This yields the desired identity. Now assume that r xu>yv ^ 0. Then there 
exist w, w' € Wi such that w' ^ w, xw ^ y and h w i jVjU ^ 0. The latter 
condition certainly implies that l(u) ^ l{w') + l(v); see (|2.1[1 . Combining 
this with the inequalities l(w') ^ l(w) and ^ l(y), we obtain i(xu) ^ 

l(yv), as desired. Furthermore, if equality holds, then equality holds in all 
intermediate inequalities, and so we must have w' = w, xw = y and, hence, 
w' = w = 1. Since hi tV>u ^ 0, this also yields u = v, as desired. □ 

Now the arguments in the proofs of Lemma 3.2 and Proposition 3.3 in [H] 
(which themselves are an adaptation of the proof of Lusztig 15, Prop. 2]) 
show that the family of elements 

{P*xu,yv \x,y E Xj,u,v € Wi, xu C yv} 

is uniquely determined by the following three conditions: 

(KLl) p* yvyv = 1, 

(KL2) p* xu yv 6 A <Q if xu C yv, 

(KL3) Pxu,yv ~ Pxu,yv = ^ ] r xu,zwP ZWt y V HxU\ZyV. 

xun zwH.yv 

The arguments in [Zoc. ci£.] provide an inductive procedure for solving the 
above system of equations. 

The following result yields a further property of the elements p* xu ^ yv . 

Lemma 3.4. Let x,y G Xi and u, v € Wi. Then p* xu ^ yv = unless xu ^ yv 
(Bruhat-Chevalley order). 

Proof. First we claim that p* xu ^ yv = unless xu = yv or l(xu) < l(yv). To 
prove this, we argue as follows. We have seen in Lemma 13.31 that r xu ^ yv = 
unless xu = yv or l(xu) < l{yv). Following the inductive procedure for 
solving the system of equations given by (KL1)-(KL3) above, we see that 
we also must have p xu>yv = unless xu = yv or l(xu) < l(yv). 

Now let i,j/6 Xj and u, v € Wi be such that l(xu) ^ l(yv) (with equality 
only for xu = yv). We want to prove that p% uyv = unless xu ^ yv. We 
proceed by induction on l(yv) — l(xu). If l(xu) = l(yv), then xu = yv and 
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Pyv,yv = 1- Now assume that l(xu) < l(yv) and p xu>yv ^ 0. By the proof of 
8, Prop. 3.3], we have 

^ n* = P* - v* P* • 

w / J xu,yv xu,yv / j rxu\,yv u,u\ 

U<Ul 

Now, if P xu ,yv 7^ 0) then it is well-known that xu sj as required. On the 
other hand, if there is some ui £ W such that u < u\ and p% uxyv P£ Ul ^ 0, 
then we have arui ^ yt> by induction, and so xu ^ xu\ ^ yv. □ 

Corollary 3.5. Let y e Xj and v E Wj. 

(a) is a linear combination ofT y C v and terms T x C u where x E Xj 
and u E Wj are such that x < y, u v and xu < yv. 

(b) Conversely, T y C v is a linear combination of C yv and terms C xu 
where x E Xi and u E Wj are such that x < y, u ^c,I v and 
xu < yv. 

Proof, (a) This is just a restatement of Proposition 13.21 taking into account 
the additional information in Lemma 13.41 

(b) Let w E W and set B w := T y C v where y E Xj and v E Wj are 
such that w = yv. Then {B w \ w E W} is a basis of TL and the formula 
in Proposition 13.21 describes the base change from the C^-basis to the B w - 
basis. By an easy induction on l(w), we can invert these formulas. (Note 
that the base change takes place inside the finite sets {w E W \ l{w) ^ n} 
for n = 0,1,2,....) Hence we obtain expressions for the elements in the 
£>„,-basis in terms of the C^-basis. The terms arising in these expressions 
must satisfy conditions which are analogous to those in (a). □ 

Recall that, if V is any 7Y/-module, then 

Indf(y) :=H® ni V 

is an W-module, called the induced module; see, for example, ^2 §9-1]- If 
V is free over A with basis {v a \ a E .A}, then Indf(V) is free with basis 
{T x ®v a \x€ Xj, a E .4}. 

Theorem 3.6 (See Theorem 1]). Let £ be a left cell ofWi. Then the set 
Xj£ is a union of left cells ofW. We have an isomorphism of TC-modules 

[Xjcu^indfaeu), Cy V ^ 

Pxu,yv i/^x ® Cuj , 

xu^yv 

where {c yv \ y E Xj, v E £} is the standard basis of [Xi<£]a and {c u \ u E £} 
is the standard basis of [£]a- 

Proof. The fact that Xj£ is a union of left cells is proved in jSJ §4]. Since 
the statement concerning is not explicitly mentioned in [loc. cit.], 
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let us give the details here. Recall that [X/C]^ = Jxje/^XjZ where 

x G Xj,u G Wj,ux V U \ 
for some y G Xj, v G £ /a' 

x G X/ , u G Wj, mi g" ux ^£ f y, \ 
for some y G Xj, d££ /a' 

Now, for any x,y £ Xj and u,v € Wj, we have the implication 

2^ ^£ yv ^ u ^c,i v; 

see (HI §4]. On the other hand, we have xu u for any x G Xj and u G Wj 
(since l[xu) = l(x) + l{u)). These two relations readily imply that we have 

= (C xu | x G Xr, u G Wj, u ^c,l v for some v G £)a, 

Jx/C = (C^ | x G X/, u G Wr, u £,u ^c,l v for some v G C)^. 

By Cor. 3.4], this yields 

= {T X C U \ x G X/, -u G Wj, u ^cj v for some v G £}a> 

Jx/C = {T X C U | x G Xj, u G W/, u^f,ii u for some w G 

Thus, we see that the W-module has two ^4-bases: firstly, the stan- 

dard basis {c xu | x G Xj,u G £} where c xu is the residue class of C xu and, 
secondly, the basis {f xu \ x G Xj, u G £} where f xu denotes the residue class 
of T X C U . The change of basis is given by the equations: 

= X] fxu for any y G Xt, v G £. 

Furthermore, recalling the definition of f xu , it is obvious that the map 

^ fxu (x G X/,u G £), 

is an isomorphism of 7^-modules, where {c u | u G £} is the standard basis 
of [€} A as in C3>. □ 

Remark 3.7. In the above setting, we also have an isomorphism of "^-modules 

[X/Cft^Indf c^-> J] (-1) /W pL^(^®c m ), 

xu\^yv 

where 5t denotes the restriction of S to Hi. Indeed, applying Remark l2.4l to 
the formula in Proposition I3.2I yields 

6(C yv ) = j(C yv ) = Y, (-iy (x) P* X u,yvT x j(C u ) 

xuU.yv 

x£X I ,u£W I 
xuU.yv 

for any y G Xj and v G Wj. We can now argue as in the above proof, using 
the fact that [£]^ 7 = and = S(3 Xl z)/S(3x z €)- 
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Our aim is to show that the relation "~" in Definition 12.51 behaves well 
with respect to the induction of cells. We begin with the following result. 

Lemma 3.8. Assume that (£, (t\ are two left cells in Wi such that £ ~ 
Ci. Let £ — » Ci, u i— > U\, be a bijection such that the property Cv 5 ) in 
Definition \2. 51 holds. Then we have 

P*xu,yv = P*xux,yvx f or al1 X >V e X I and al1 U,V 
Proof. First we claim that 

(*) r XUjyv = r xuuyvi for all x, y G Xi and all u, v G £. 

To see this, consider the expression of r xu ^ yv in Lemma [3.31 and note that the 
coefficients R XWt y and p w r jW do not depend on u or v. Hence our assumption 
(•v 1 ) implies that (*) holds. Now, following once more the inductive procedure 
for solving the system of equations given by (KL1)-(KL3) above, we see that 
we also have p xuyv = P xui ,yvi f° r an x iV e X I an d an u,v £ C. Just note 
that, for M,!)Ef, the condition xu C zw C vy implies that u ^c,i w ^c,i v 
and so w G (£. □ 

Proposition 3.9. Let £, £i be two left cells in Wj such that £ ~ <t\. Then 
we also have Xj£ sa Xi<L\. More precisely, let € — ► £i, « i— > iti, 6e a 6ijec- 
iion satisfying (0?). T/ien £/ie bijection Xj(t — > xu i— ► satisfies 

(<?). 

Proof. We have seen in Theorem 13.61 that there is an isomorphism of 
modules 

where {c u u G £} is the standard basis of [€]a as in (|2,3j) and f xu de- 
notes the residue class of T X C U in The base change is given by the 
equations 

CyV / , PxU, yv fxu for any y G Xj, v G <£. 

Similarly, we have an isomorphism of 7^-modules 

where {c Ul | u\ G £1} is the standard basis of [£i]a as in (|2.3|) and 
denotes the residue class of T x C Ul in [Xj(£i]a- The base change is given by 
the equations 

°yvi = ^2 Pluuvm fxm for any y G Xj, v\ G £. 

Now, the fact that (ty) holds for the bijection £ £i means that any C s 
(where s G I is a generator of Wj) acts in the same way on the standard 
bases of [€]a and of respectively. Hence, by the definition of the 

induced module (see also the explicit formulas in 11, §9.1]), it is clear that 
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any C s (where s G S is a generator of W) will act in the same way on the 
bases {T x ®c u } and {T x ®c Ul } of H®Hi [£]a and H®Hi [&i]a, respectively. 
Then the above two isomorphisms show that any C s (s G S) acts in the same 
way on the bases {f xu } and {f XUl } of [XjCC]^ and of [X/Ci]^, respectively. 
Finally, by Lemma l3.81 the two base changes are performed by using exactly 
the same coefficients. Hence, any C s (s G W) will also act in the same 
way on the standard bases {c xu } and {c XUl } of [X/C]^ and of [X/Ci]^, 
respectively. □ 

Corollary 3.10. In the setting of Proposition^^ assume that the partitions 
of Xj(t and Xi<C\ into left cells ofW are given by 

X 7 C = \\ £ (a) and X& = ]J <tf\ 

aeA (3eB 
respectively, where A and B are some indexing sets. Then there exists a 
bijection f : A -> B such that ^[ f ^ for all a £ A. 

Proof. We have seen in Proposition 13.91 that the bijection Xj<t — > XiCi, 
xu i — > xux, satisfies (V), that is, we have 

h s ,xu,yv = h s ,xux,yvi for s G S, x, y G Xj and u, v G <t. 

By the definition of left cells, this immediately implies that the bijection 
Xj£ — » Xj^i preserves the partition of the sets Xj't and Xi<t\ into left 
cells, and that corresponding left cells are related by "rj". □ 

4. Relative left, right and two-sided cells 

We preserve the setting of the previous sections, where we consider a 
parabolic subgroup Wj. In this section, we pursue the study of the relative 
pre-orders ^c,h ^n,I etc. introduced in ()3.1|) . Our Conjecture 14.51 predicts 
that we have an analogue of (4) (see Section 1) in this relative setting. The 
main result of this section shows that the conjecture is true in the equal 
parameter case. This will play an essential role in our proof of property (<(k) 
for groups of type B n in the "asymptotic case" . 

Remark 4.1. Recall that Xj is the set of distinguished left coset represen- 
tatives of Wi in W. Applying the anti-automorphism b : TL — > Ti. such that 
Tjj, = T w -i for all w G W, we also obtain "right-handed" versions of the re- 
sults in Section |3J First of all, the set Yj := XJ 1 is the set of distinguished 
right coset representatives of Wj in W . Thus, we can write any w G W 
uniquely in the form w = ux where u G Wi, x E Yf and l{ux) = l(u) + l(x). 
Since this will play a crucial role in the proof of Lemma l4.71 let us explicitly 
state the analogue of Corollary 13.51 Let y G Yi and v G Wj. 

(a) C vy is a linear combination of C„ T y and terms C u T x where x G Yj 
and u G Wi are such that x < y, u v and ux < vy. More 
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precisely, by Proposition 13.21 we have 

dvy — ^ ^ Q"ux,vy C U T X 

where the coefficients satisfy the following conditions: 
a V y,vy = 1 if ux = vy 

a ux ,vy G ^4<o if u ^n,l v and x < y, 
o-ux,vy = otherwise. 

(We have a ux>vy = P* ux yi ( vy .-i i n the notation of Proposition 13,21 ) 
(b) Conversely, C„ T y is a linear combination of C vy and terms C ux 

where x E Xf and u G Wj are such that x < y, u ^ti,i v and 

ux < vy. More precisely, arguing as in the proof of Corollary 13.51 

we have 

T V Cy ^ b UX V y CuX 

where the coefficients satisfy the following conditions: 

b V y,vy = 1 if ux = vy 

b U x,vy G A <0 if u s^tij v and x < y, 

b U x,vy = otherwise. 

Using the above relations, we obtain the following formula. 

Lemma 4.2. Let u,v,w £ Wj and x,y € Yj. Then we have 

hw,vy,ux — ^ ^ Q'u'xijVy hiD,u' ,U\b U x,u\Xf 
u' ,u 1 ew I 

In the above sum, we can assume that u ^cn u i ^CR u' ^cil v an d x ^ 
xi < y. 

Proof. Using the formulas in Remark 14.11 we compute: 

C w C V y — ^ a u i XlV yC w C u 'T Xl 
xieYi,u'eWi 

^ Q"u'x\ ,vy hw ,u' ,ui C Ul T Xl 



^ ^ ^u f xi,vyhw : u\ui bux,u±x± C ux . 



This yields the above formula. Now let x\ £ Yj and m G Wj be such 
that the corresponding term in the expression for h W)Vy ^ ux is non-zero. Then 
a u 'xi,vy and Kx,u 1 x 1 7^ 0- This implies x ^ x 1 ^ y, u m and 

^7£i see the conditions in Remark 14.11 Furthermore, if h wu > ui ^ 0, 
then u\ ^£ j u'. In particular, we have u ^CR u \ ^cn u' ^cn v. □ 
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Lemma 4.3. Let u,v G Wi and y G Yj. Then we have 

uy ^c,i vy o u v. 

Proof. For the implication "<^=", see |18| Prop. 9.11]. To prove the im- 
plication we may assume without loss of generality that u ^ v and 
uy <— c,i vy, that is, we have h s>vy;Uy ^ for some s G I. Then we have 
sv > v, su < u and the formula in (|2.1|) shows that there are two cases: 
If svy = uy, then u = sv > v and so u ^c,i v. If suy < uy < vy < svy 
and ^ 0, then su < u < v < sv and |181 Lemma 9.10] shows that 
M* >v = M^ yvy / 0. Again, we have u ^c,i v. □ 

Proposition 4.4. Let u, u G Wj an<i x,y EYj. Then we have the following 
implication: 

ux ^c,i vy ^ u ^cn,i v x ^ y. 

Ln particular, if ux ~£ / vy, then we necessarily have x = y and u ~£,/ v. 

Proof. We may assume without loss of generality that ux <— c,i vy, that is, 
h s ,vy,ux 7^ for some s G /. Then the assertion follows from Lemma 14.21 □ 

Conjecture 4.5 (Relative version of (♦)). Let u,v G Wi and x,y G Y/. 

Then we have the following implication: 

ux ^c,l V V an d u ^CTL,l v =** u ~£ I v an d x = y. 

Note that u ~cn,i v and u ~£,j y just mean the usual Kazhdan-Lusztig 
relations inside Wj. 

Remark 4.6. Assume that L = S; then Wj = W and Yj = {1}. In this case, 
the above conjecture reads: 

u ^£ v and u ^CTZ v => u ~£ v 

(for any u,v G W). Thus, Conjecture 14.51 can be seen as a generalization of 
the implication (d|k) stated in the introduction. Using computer programs 
written in the GAP programming language, we have verified that Conjec- 
ture ESI holds for W of type all choices of I and all choices of integer- 
valued weight functions on W (using the techniques in J^j). In Theorem 14.81 
we will show that this is also true in the case of equal parameters. 

For the remainder of this section, we assume that W is bounded and 
integral in the sense of |18| 1.11 and 13.2]. Furthermore, we assume that 
q s = qt for all s,t G S (the "equal parameter" case). Let q := q s (s G S). 
Then our hypotheses imply that 

P* >y G q^Niq' 1 ] and h x ^ z G f% g" 1 ] 

for all x,y,z G W, where N = {0,1,2,...}. See Lusztig Q7|, Q21 15.1] and 
Springer j^Oj. We shall need some properties of Lusztig's function a/ : Wj — > 
N defined by 

a/(u>) = min{n G N | q n h UiViW G Z[q] for all u,v G Wj}. 
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Note that h UjVjW = h UjVjW . So, if a.j(w) = n, then q n h U:V:W G Z[g] and 
q~ n h uvw G Furthermore, both q n and g~ n occur with non-zero 

coefficient in h UtV>w . In Chap. 15], the following three properties are 
established: 

(P4) The function aj : Wi — > N is constant on two-sided cells. 

(P8) Let u,v,w G W/ be such that q ai ^h u>v>w has a non-zero constant 

term. Then v ~£ / w i u ~7l,l w an d u ~£,J v . 
(P9) Let it, v G Wi be such that u ^c,i v an d sli(u) = eli(v). Then 

W ~£,J w - 

(There even is a list of 15 properties, but we only need the above three.) 
Note that (P4), (P9) together imply that (4) holds for Wj. 

Lemma 4.7. In the above setting, let u,v,w G Wj and x,y G Yj-. Then the 
coefficient h W}VyjUX has the following properties. 

(a) // h W}V y iUX / 0, f/ien u ^£7^/ u and x < y. 

(b) //* x — y, then h w ^ vy ^ uy — h w ^ v ^ u . 

(c) Assume that u ~£r. j v an d let n := aj(it) = a/(u); see (P4). If the 
coefficient of q n in h wvyux is non-zero, then x = y. 

Proof. If h W)Vy ^ ux ^ then ux ^c,l V U an d (a) follows from Proposition 14.41 
To prove (b) and (c), we use the formula in Lemma 14.21 

hw,vy,ux ^ ^ ^v/x\,vy h"W,u',ui ^ux,u±xi^ 

where the sum runs over all xi,u' , u\ such that 

(*i) x < x\ < y, 

(*2) u ^ck,i ui ^az,i u' ^cn,i v. 

Now, if x\ = x, then b ux>uix = unless u = u\ (in which case the result 
is 1; see the conditions in Remark |4.1|) . Similarly, if x\ = y, then a u ' ytVy = 
unless u' = v (in which case the result is 1). Hence, if x = y, the above sum 
reduces to 

hw,vy,ux — &vy,vy hw,v,u buy,uy — h"W t v t U' 

Thus, (b) is proved. Finally, to prove (c), assume that x < y and that the 
coefficient of q n in h W)VyjUX is non-zero, where n = a/(u) = &i(v). We must 
show that u, v cannot be in the same two-sided cell. Splitting the above sum 
into three pieces according to x\ = x, x\ = y and x < x\ < y, we obtain 

h>w,vy,ux — ^ &u'x,vy hw,u' ,u ~\~ ^ hw,v,ui bux,u\y 



"i" ^ f ^ Q"u'xi,vy bux,u±xi j h 



°w,W ,ui ■ 



u',ui€Wi xi^Xj 

x<xi <y 



Note that, since x < x\ < y, all the coefficients a u / XjVy , b UX;Uiy , a u ' xi>vy and 
b U x,u 1 x 1 occuring in the above expression lie in g _1 Z[(7 -1 ]; see once more the 
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conditions in Remark 14.11 and recall that q = q s (for all s 6 S). Hence we 
can re-write the above expression as follows: 

hw,vy,ux = ^ ^ fuiju'hwju'jUi where f Ull u' € q ^[q ]j 

ui,u'£Wj 

where we can assume that (*2) holds. 

Now, we are assuming that the coefficient of q n in h WtVy>ux is non-zero. So 
there exist some re', u\ £ Wj such that the coefficient of q n in f ui y h WjU i jUl is 
non-zero. Since f Ul , u ' € g Z[g ], we deduce that there exists some m > n 
such q m has a non-zero coefficient in h w>u ' Ul . By the definition of the a- 
function, this means that aj(rei) ^ m > n. Now, if we had u ^ctz,i v > then 
(* 2 ) would imply re ~ck u i ^cn u ' ~£7£ yielding the contradiction 

a(rei) = a(re') = a(re) = a(u) = re; see (P4). 

Consequently, u and v cannot lie in the same two-sided cell. □ 

Theorem 4.8. Assume that W is bounded, integral in the sense of ^B] o,nd 
that q s = qt for all s,t £ S. Then Conjecture \4-5\ holds for all parabolic 
subgroups Wi C W . 

Proof. Let us fix a subset I Q S. Let re, v G Wi and x,y £ Yj be such that 
^ ^c,i vy and re ^cnj v. We want to show that x = y and re ~£ t j v. 
Suppose we already know that x = y. Then, since uy ^c,i vy, we can 
apply Lemma 14.. 31 and this yields re ^c.i v - Thus, we have re ^c,i v an d 
u ~cr,,i v. So (P4), (P9) imply that re ~£,/ v, as desired. Hence, it is 
sufficient to prove that x = y. First of all, using Proposition I4.4[ we may 
assume without loss of generality that rex ^ vy and rex v Vt that is, 

C ux occurs in C s C vy for some s £ I such that svy > vy. Since s £ I, this 
implies > v, and the multiplication rule for the Kazhdan-Lusztig basis 
(see Section |2| shows that we must have su < re and re 7^ re We shall now 
try to imitate the proof of (P) in 15.5]. 

Since u <^cn,i v, we have n := a/ (re) = a/(u) by (P4). For any Laurent 
polynomial / £ 7*[q,q ], we denote by vr„,(/) the coefficient of g n in /, 
where we write q := q s (s £ S 1 ) as above. Now we argue as follows. By the 
definition of the a-function, there exist some w,v' £ Wi such that q n h W:V i jV 
has a non-zero constant term. Since h wv > v = h wv ' v , this means that the 
coefficient of q n in h w y jV is non-zero. Thus, using (P8), we have 

(1) Kn(h w y iV ) ^ and v ~c,I v. 

We can express the product C s (C w C v i y ) as a linear combination of terms 
C wz where w £ Wi and z £ Yj. Denote by k wz the coefficient of C wz in 
that product. We have 

^wz ^ ^ h"W,v / y,'WiZi h>s,wizi,wz • 



22 



Geek 



In particular, 

w 1 £W I ,z 1 & I 

hw,v'y,vy h s ^ V y^ ux ~\~ ^ ^ h"w,v'y,w\z\ ks,wizi,ux • 

Since svy > vy, the multiplication rule for the Kazhdan-Lusztig basis shows 
that h S:V y tUX equals 1 or M^ x>vy , and the latter is an integer by [18, 6.5]. 
Hence we have h SiVV)UX € Z in both cases and so 

^n{hw,v'y,vy hs,vy,ux) — ^nihw^'y^y) h$ : vy,ux — " n{hw ,v' ^s,vy,uxj 

where the last equality holds by Lemma I4,7f b), We are assuming that 
h s , V y,ux 7^ 0. In combination with (1) and the above identity, we conclude 
that 

(2) ^ n(h"u) ,v' y ,vy ^s,vy,ux) — ^n(.^"W,v' ,u) hs,vy,ux 7^ ^ ■ 

Since all polynomials involved in the expression for k ux have non-negative 
coefficients (thanks to the assumption that W is integral), the non-zero 
coefficient of q n arising from (2) will not cancel out with the coefficients of 
q n from the remaining terms in k ux . So we can conclude, as in the proof of 
Lusztig [TBI 15.5], that 

^n{ K ux) 7^ 0- 

On the other hand, since C^C^C^j) = (C s C w )C v / y , we also have the 
following expression for k ux \ 

Kux — ^ ~] h s ^ w ,ui'hui' : v'y,ux- 

Since Tr n (K ux ) ^ 0, there exists some w' £ Wj such that 

(3) TTn (h s w w i h w i v iy UX ) ^ 0. 

By (1), we have h w y jV / and so v ^tz,i w. Hence the left descent set of 
w is contained in the left descent set of v; see [TBI 8.6]. So, since sv > v, we 
also have sui > w. Then the multiplication rule for the Kazhdan-Lusztig 
basis and |18| 6.5] show that h sww i S Z. Hence (3) implies that 

^n{h w ' >v 'y ;U x) ¥= where w' € Wj. 

By (1), we also have v' ~c~R.,i v ^enj u. Hence Lemma l4~TT c) yields x = y, 
as desired. □ 

Example 4.9. Let W = & n be the symmetric group. Then Conjecture 14.51 
holds for all parabolic subgroups Wj C W. 

Indeed, 6 n is finite, hence bounded. Since the product of any two genera- 
tors has order 2 or 3, the group is integral. Furthermore, since all generators 
are conjugate, all the parameters are equal. Hence the hypotheses of Theo- 
rem ^Hl are satisfied. 
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5. On the left pre-order ^£ in type B n 

In this and the subsequent sections, we let W = W n be a Coxeter group of 
type B n (n ^ 2). We assume that the generators, relations and the weight 
function L : W n — > T are given by the following diagram: 



t si s 2 S n -l 

o — o — o — • • — o 

{q s }: e b e a e a e a 

where a, b € T are such that a > and b > 0. Let 7i n be the corresponding 
Iwahori-Hecke algebra over A = Z[r], where we set 

Q :=q t = e b and q ■= q Si = ■ ■ ■ = q Snl = e a . 

Let K be the field of fractions of A and set H n> K = K <giA T~tn- Throughout 
this and the subsequent sections, we assume that b/a is "large" with respect 
to n, more precisely: 



b > (n- l)a 



(Here, (n — l)a means a + • • • + a in T, with n — 1 summands.) We refer to 
this hypothesis as the "asymptotic case" in type B n . 
The main results of this section are: 

• Theorem l5.111 which gives a strengthening of the results of Bonnafe- 
Iancu 3J concerning the left cells of W n (and, as a bi-product, also 
yields a new proof of Bonnafe's result [I] on the two-sided cells); 

• Theorem 15. 131 which shows that (<(k) holds in W n . 

Remark 5.1. Let us consider the abelian group r° = Z 2 and let ^ be the 
usual lexicographic order on T° . Thus, we have < if i < i' or if 

i = i' and j < j' . Let L° : W n — > Z 2 be the weight function such that 

L(t) = (1,0) and L{si) = ■■■ = L(s„_i) = (0,1). 

Then A° = Z[T°] is nothing but the ring of Laurent polynomials in two 
independent indeterminates V = e^ 1 ' -* and v = e^ ' 1 -*. This is the "asymp- 
totic case" originally considered by Bonnafe-Iancu . We may refer to this 
case as the "generic asymptotic case" in type B n . Let us denote the 
corresponding Iwahori-Hecke algebra by H n ; let {C^, | w G W n } be the 
Kazhdan-Lusztig basis of TL n and write 

C x C° v =J2 h l,v^Cl where h%^ z £ A° = Z[V±\ V+ 1 ]. 

z£W n 

Now, given an abelian group T as above and two elements a, b > 0, we have 
a unique ring homomorphism 

d:A°^A, V i v j ^e ib+ja . 

Bonnafe |1J §5] has shown that, if b > (n — T)a, then the Kazhdan-Lusztig 
basis of 7i n (with respect to L: W n — > T) is obtained by "specialisation" 
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from the Kazhdan-Lusztig of H° n and that we have 

(a) h XtVjZ = 0{h° x y z ) for all x,y,z G W n . 

In particular, denoting by ^° c , ~£, ^£7^, ~£-^ the pre-order rela- 

tions on W n with respect to L° , we have the implications: 

(b) x ^ c y ^ x ^° c y, x ^tz y x <^ y, x ^ C K V => x ^° cn y. 

These results show that it is usually sufficient to prove identities concerning 
the Kazhdan-Lusztig basis in the "generic asymptotic case" ; the analogous 
identity in the general "asymptotic case" then follows by specialisation, as- 
suming that b > (n — l)a. (In this and the following sections, we make an 
explicit remark at places where we use this kind of argument.) 

We shall need some notation from j^j. Given w G W n , we denote by k(w) 
the number of occurences of the generator t in a reduced expression for w, 
and call this the "i-length" of w. 

The parabolic subgroup & n := (si, . . . , s n _i) is naturally isomorphic to 
the symmetric group on {1, ... , n}, where Sj corresponds to the basic trans- 
position (i, i + 1). Let 1 ^ I ^ n — 1. Then we set := {si, ■ ■ ■ , Sn-i} \ 
{s/}. For I = or I = n, we also set S n := £o,n = ^>n,o = {si, ■ ■ ■ , s n _i}. 
Let X[ >n _i be the set of distinguished left coset representatives of the Young 
subgroup &i, n -i '■= (Ei,n-l) m ®n- We have the parabolic subalgebra 
Hi^ n -i = {T a \ a G 6^ n _i) A C H n . Given x,y G W n , we write 

x ^c,i y x <£,s ii „_ i y (see Section OJ). 

Furthermore, as in §4], we set ao = 1 and 

ai := f(sii)(s 2 sit) • ■ ■ (sz_iS/_2 ■ ■ ■ s\t) for I > 0. 

Then, by _3, Prop. 4.4], the set AQ jn _/Cty is precisely the set of distinguished 
left coset representatives of & n in W n whose i-length equals I. Furthermore, 
every element w G W n has a unique decomposition 

w = ayjaia^ 1 where I = k(w), a w G &i : n-i and a w , b w G AQ^; 

see 4.6]. On a combinatorial level, Bonnafe and Iancu §3] define a 
generalized Robinson-Schensted correspondence which associates with each 
element w G W n a pair of n-standard bi-tableaux (A(w), B(w)) such that 
A(w) and B(w) have the same shape. Here, a standard n-bitableau is a 
pair of standard tableaux with a total number of n boxes (filled with the 
numbers 1, . . . , n), and the shape of such a bitableau is a pair of partitions 
A = (Ai,A2) such that n = \X\\ + | A2 1 . With this notation, we have the 
following result. 

Theorem 5.2 (Bonnafe-Iancu (2; and Bonnafe 4, §5]). In the above setting, 
let x,y E W n . Then the following conditions are equivalent: 
(ai) x ~£ y; 

(a 2 ) x ~£ y (see Remark \5.1\) : 

(b) I := l t (x) = l t (y), b x = b y and a x ~ c l a y ; 
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(c) B{x)=B(y). 

(This is the first example where the discussion in Remark 15 . II applies : the 
equivalences between (a2), (b) and (c) are proved in Theorem 7.7]; the 
equivalence between (ai) and (a2) is proved in [1J Cor. 5.2].) 

Note that the equivalence "(ai) (c)" is in complete formal analogy to 
the situation in the symmetric group © n ; see Example I2.fif a). 

Let A n be set of all pairs of partitions of total size n. We set 

9\\ := {w G W n | A(w), B(w) have shape A} for A G A n . 

Thus, we have a partition W n = ]J Ag A 5Ha- The above result and the 
properties of the generalized Robinson-Schensted correspondence in [31 §3] 
immediately imply the following statement: 

Corollary 5.3 (Bonnafe-Iancu In the above setting, let A G A n and de- 
note by T\ the set of n- standard bitableaux of shape A. Then the generalized 
Robins on- Schensted correspondence defines a bijection 

w x : T A x T A A <K A , (T, T') ^ w x (T, T'), 

with the following property: 

(a) For a fixed T' , the elements {w\(T,T') \ T G T A } form a left cell. 

(b) For a fixed T, the elements {w\(T,T') \ T 1 G T A } form a right cell. 

(c) Wehavew x (T,T')- 1 = wx(T',T)forallT,T'eT x . 

In particular, any left cell contained in 9\\ meets any right cell contained in 
in exactly one element. Furthermore, every left cell contains a unique 
element of the set V n := {z G W n \ z 2 = 1}. 

In order to prove the main results of this section, we need a number of 
preliminary steps. We shall frequently use the following result. 

Proposition 5.4 (Bonnafe-Iancu [31 Cor. 6.7] and Bonnafe [U §5]). In the 

above setting, let x,y G W n be such that x ^ctz V- Then h{y) ^ h( x )- I n 
particular, if x ~c~R. U> then k(x) = k(y). 

(The above result was first proved in for the weight function L° : W n — > 
Z 2 ; then B,emark l5.1f b) immediately yields the analogous statement in the 
general "asymptotic case".) The following two results give some information 
about certain elements of the Kazhdan-Lusztig basis of TL n . 

Lemma 5.5 (Bonnafe 4, §2]). For any a G 6 n and any ^ / ^ n, we have 

C<j C a; = C aai and C a; C a = C a;(J . 

Furthermore, if a G &\ n —\, then 

C a C ai = C aai = C ai C ai a ai where a x aai G &i >n -i- 

Proof. By Remark 15.11 it is sufficient to prove the equality C a C ai = C aai 
(for a G & n ) in the original setting of [3j where we consider the weight 
function L° : W n — » 1? . In this case, the statement is proved in 4, Prop. 2.3]. 
The equality C ai C CT = C a;cr is proved similarly. 
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Finally, since ai = a~[ l stabilizes £z jn _z, we have aiaai £ &i >n -i for any 
a £ &i^ n -i, which yields the second statement. □ 

The following result plays an essential role in the proof of Lemma 15.101 

Lemma 5.6. For any ^ I ^ n — 1, we have 

Tt Sl ---s t C ai = C ai+1 + h{ai) C ai 

where h{ai) £ TC n is an A-linear combination of basis elements T w with 
w ^ s±S2 ■ ■ ■ si. (For 1 = 0, we have ao = 1, a\ = t and h(ao) = —Q T\.) 

Proof. Following Dipper-James 3.2], we define 

< = (T tl + Q -1 ?i)(T t2 + <5 _1 Ti) • • • (T tk + Q^Ti) 

for any 1 ^ k ^ n, where t\ = t and tj+i = s{tiSi for i ^ 1. The factors in 
the definition of commute with each other and we have 

u+ T St =T Si u+ for 1 < i < fc - 1; 

see §3]. By Bonnafe |IJ Prop. 2.5], we have 

where crjt is the longest element in (Again, this is first proved in the 
"generic asymptotic case"; the general case follows from the argument in 
Remark 15. 11 ) Now let k = I + 1 and note that 

T ai+1 = T ai T Sl ... S2Sl and uj +l = (T tj+1 + Q^T{) u+ 

Since commutes with T Si for 1 ^ i ^ /, we conclude that 

c a;+1 = r~.. g2S1 T~ l (T tj+1 + Q~ Ti) ^ 

= T-.!. S2S1 (T ti+1 +Q- 1 T 1 )T (T ; 1 n+ 

= r~... sasi (T tj+1 + Q -1 Ti) C a; 

and so T tsiS2 ... Si C ffi! = C a;+1 - Q -1 T~l ai C aj , as required. □ 

The following definitions are inspired by Bonnafe's construction in 4, §3]. 
Let w G W n and write u> = a^a^o",^" 1 as usual, where I := h{w). We set 

E w := T au , C a; C CTub -i = T aw C oj(Ttu6 -i, 

where the second equality holds by Lemma 15.51 One easily shows that the 
elements {E w \ w £ W n } form a basis of W n . We will be interested in the 
base change from the Kazhdan-Lusztig basis to this new basis. 

For y,w £ W n , we write y ^ w if the following conditions are satisfied: 

(1) I :=J t (y) = lt(w), 

(2) Oyby 1 ^ c ,l o- w b w l , and 

(3) l(y) < l(w) or y = w. 
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We write y -< w if y ■< w and y 7^ w. Since {E w } is a basis of TC n , we can 
write uniquely 

E w = T~} x C ai C awb -i = ^2 ^y,w E y where \ y>w G A. 

yew„ 

Lemma 5.7. We have \ WyW = 1 and X yw = unless y ■< w. Furthermore, 
we have X ViW G Z[q, 

Proof. We argue as in the proof of Lemma 13.31 Let u> G W n and / = h{w). 
We have _ 

T a~ 1 = Yl R *,+» Tz 

Z£W„ 

where R* ZOiw € A are the "absolute" i?-polynomials defined in ^3 §1]. We 
have R* w aw = 1 and R* aw =0 unless z ^ a w . Since a m G 6 n , we have 
Rt^eZilg- 1 }. 

Now let z G VT n be such that T z occurs in the above expression. Then we 
can write z = ca where c G Xi >n -.i and a G S; jn _;. Since l(ca) = 1(c) + /(c), 
we have T z = T c T a and so 

C,(T 

where the sum runs over all c G -2Q n _j and <r G &i tU -i. Now we can also 
write T CT = Po-'^Co-/ where iv i<T G Z[g, and the sum runs over all 
a' G &i n ~i. Note that p CT(7 = 1 and p a r a = unless a' ^ a. Thus, we have 



E w = y~] R^ ^pa'^TcC^ C ai C a 



where the sum runs over all c E X^ n _i and all a, cr' E &i n ~ i- Now Lemma f5. 5 1 
shows that 

Since aia'ai G S/ jn _/, we can write 

where h„ , .-1 „ G Zfo, q ]. So we conclude that 

= ^ R ccT,a w f>cj',ah aialau(Jwb -i (J „ T c C ai C CT », 

C,e7,(T',(7" 

where the sum runs over all c G Xi n ~i and all cr, cr', cr" G S/ jn _/. Now every 
term T c C a; C CT » in the above sum is of the form E y for a unique y G W n 
where / = k{y), a y = c, o- y by l = a". So we can re- write the above expression 
as 



E w — ^ ^y,w E y 



ySWn 

h(y)=i 
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where 

Assume that \ VtW ^ 0. We must show that y ■< vu. First of all, we certainly 
have I = lt(w) = h{y)- Furthermore, there exist a, a' € &i n -l such that 

K y a,a w + 0, p CT /, CT / 0, Kia'aua^^by 1 + " 

The first condition implies a y a ^ a w and so l{a y a) ^ l(a w ). The sec- 
ond condition implies l(cr') ^ K ")' while the third condition implies that 
(Tyby 1 ^£ t i a w b~ x and l(o- y b~ l ) ^ I (a') + l{a w b~ l ). (See (|2.1j) and note that 
l(aia'ai) = I ((?')■) Hence we also have l{y) ^ l(w). Altogther, this means 
that y <w. Finally, if y = w, it is readily checked that X W)W = 1. □ 

The above result shows that, for any w G W n , we have 

E w = E w + ^ \,w E y where X y>w G Z[q, q' 1 }. 

y^w 

We can now use exactly the same arguments as in the proofs of Lemma 3.2 
and Proposition 3.3 in (which themselves are an adaptation of the proof 
of Lusztig ^3 Prop. 2]) to conclude that 

— E w -\- ^ ^ ^y,w E y 

yew„ 

y-^iv 

where 7Ty )W G q ,_1 Z[g _1 ] for any y -< w. Indeed, the family of elements 

I y,w e w n ,y ^ w} 

is uniquely determined by the following three conditions: 

(KLF) 7r WtW = 1, 

(KL2') Tr y>w G A <0 if y -< to, 

(KL3') % m - = 7r 2]W if ?/ -< w. 

z€Wn 

Since G Z[g, it then follows that tt^^ G if ?/ -< to. 

Corollary 5.8. Let w £W n . 

(a) Cio can be written as an A-linear combination of E w and terms E y 
where y -< w. 

(b) E w can be written as an A-linear combination of C w and terms C y 
where y -< w. 

Proof, (a) See the above expression for C w . (b) Argue as in the proof of 
Corollary ESI □ 

The next two results describe the action of Ct and C Si on E w . 
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Lemma 5.9. Let w G W n and s = Sj for some 1 ^ t ^ n-1. Then 
C S E W is an A-linear combination of terms E z where I := h(z) = h{w) and 
o-zK 1 ^C,l <J w b~ l . 

Proof. Recall that E w = T a ,„ C a , C Now C s = T s + a -1 ?! and so 

w 1 <Jw "w 

C S E W = T S E W + q 1 E W . 

By Deodhar's Lemma (see [111 2.1.2]), there are three cases to consider. 

(i) sa w G Xi in _i and l(sa w ) >l(a w ). Then 

T s E w = T s T aw C ai C awb -i = T SCLw C ai C awb -i = E sw 

and so C S E W = E sw + q~ 1 E w . Since sw = (sa lu )ai(T ru 6~ 1 , the required 
conditions are satisfied. 

(ii) sa w E Xi^i and l(sa w ) < l(a w ). Then T s T aw = T saw + (q - <? _1 )T a „ 
and so 

T S E W = E sw + (q — q~ 1 )E w . 

This yields C S E W = E sw + qE w . Since, again, sw = (sa w )aicr w b^ 1 , the 
required conditions are satisfied. 

(iii) sa w = a w s' for some s' G 5w, n -Z- Then l(sa w ) = l(a w ) + 1 = l(a w s') 
and so T s T aw = T saw = T awS < = T aw T s >. This yields 

T S E W = T aw T s i C a[ C awb -i = T aw C s > C ai C^-i - q E w 

and so 

C S E W = T aw C s / C ai C awb -i. 
Now Lemma 15.51 shows that 

Ce' Cq, C j — 1 = C(j, C fl ,^/ aj C l — 1 . 

Since ais'ai G we can express C aiS ' ai C b -i as an A-linear com- 

bination of terms C pb -i where p G &i >n -l an d b G X^ n _i are such that 
pb^ 1 ^c.i o'ujb^, 1 . We conclude that C S E W is an A-linear combination of 
terms E y where a y = a w , I := h(y) = k(w) and Oyby 1 ^c,i ^w^Z> • ^ 

Lemma 5.10. Let w G W n and I = h(w). Then CfE w is an A-linear 
combination of terms E z where l t (z) > I or where l t (z) = I and o z b~ x ^c,l 

Proof. The following argument is inspired from the proof of Dipper-James- 
Murphy [SI Lemma 4.9]. Write w = awaiayjb^ 1 . We distinguish three cases. 

Case 1. We have I = 0. Then a w = 1 and so E w = C By 
Proposition 15.41 CfE w is a linear combination of terms C 2 where h(z) ^ 1. 
Using Corollary I5.8f a). we see that CfE w can also be written as a linear 
combination of term E z > where h(z') ^ 1. 

Case 2. We have I ^ 1 and the element a w fixes the number 1. (Here, 
we regard a w as an element of S n .) Then T t commutes with T aw . Since 
l(tai) < l(ai), we have T t C ai = — Q _1 C ar So Ct.E w is a multiple of E w and 
we are done in this case. 
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Case 3. We have I ^ 1 and the element a w does not fix the number 1. 
Then we consider the Young subgroup ©i,n-i C & n - We can write a w G 
& n as a product of an element of ©i,n-l times a distinguished right coset 
representative of ©i )fl _i in 6 n . These coset representatives are given by 

{1, Sl, SlS 2 , SlS 2 S 3 , SlS 2 S 3 ■ ■ ■ S n -l}. 

Thus, we have a w — o~s\S2 * * * s m for some vn G {0, 1, . . . ; xi — 1} where 
K a w) = m + l(a). Now, the fact that a w G X^ n _i implies that we must have 
m = I and so 

a w = as\S2 ■ ■ ■ si for some a G ©i,n-i such that l(a w ) = I + l(cr). 
This yields 

t-'-a-w — 1-t-'- G-L s\S2---si — l-a-'-t-'- s\S2---si — -'-a-'-ts\S2—si- 

Using the expression in Lemma 15.61 we obtain 

TtT am C ai = T a Tt SlS2 ... Sl C ai = T ff C„ 1+1 + Tfj hiai) C ap 

where h(ai) is an ^4-linear combination of basis elements T n with tt ^ 
si • • • si. This yields 

T t E w = T a C ai+1 C awb ~i + T a h(ai) C^C^-i. 

Now Lemma 15.91 shows that T a h(ai) C a , C ,-i is a linear combination of 
terms E z where I = k(z) and o~ z b~ x o~ w b^, 1 . On the other hand, by 
Proposition 15.41 T a C a , , . C ,-i is a linear combination of terms C w > where 
h{w') ^ I + 1. Hence this is also a linear combination of terms E z > where 
l t (z') + □ 

Theorem 5.11. Let x,y G W n be such that I := lt(x) = lt(y). Then we 
have x ^£ V if and only if a x b~ l ^c,l °~yby ■ 

Proof. First assume that x U- We must show that o x b~ x ^c,i Cyby 1 - 
Now, by definition, there exists a sequence x = x$, x%, . . . , x^ = y such that 
^£ Xi for all i. By Proposition 15.41 we have ^ h{xi) for all i. 

Since k(x) = k(y), we conclude that all Xi have the same t-length. Thus, 
it is enough to consider the case where x <— c y, that is, we have that C x 
occurs in C s C y , for some s G {t, s\, . . . , 

Assume first that s = S{ for some !£{l,...,n-l}. By Corollary I5.8f a) . 
we can write C y as an ^4-linear combination of E w where w <y. So C s C y 
is an A-linear combination of terms of the form C S E W where w ■< y. Now 
consider such a term. By Lemma l5.9| C S E W is a linear combination of terms 
E z where o~ z b~ x ^c,l Cio^ • Consequently, by Corollary I5.8f b). C S E W is a 
linear combination of terms C z where o~ z b~ l ^c,l ^wb^ 1 -, as required. 

Now assume that s = t. By Corollary I5.8f a). we can write C y as an 
A-linear combination of E w where w ■< y. So C^Cj, is an A-linear com- 
bination of terms of the form CtE w where w ■< y. By Lemma 15.101 and 
Corollary I5.8f b). we can write any such term as a linear combination of 
terms C 2 where h{z) > I or l t (z) = I and o z b~ x ^c,i o~ w b~ . 
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Summarizing, we have shown that CtC y is a linear combination of terms 
C z where / = l t (z) = l t (y) and o~ z b~ l ^c,l Cyby 1 , and terms C w > where 
lt(w') > I. Hence, since lt(x) = I, we must have o~ x b~ x ^c,i Cyby 1 , as 
required. 

Conversely, let us assume that o x b~ x ^c,i o~ y b~ l . We must show that 
x ^£ y. Again, it is enough to consider the case where o x b~ x <—£j cr y b~ l , 
that is, C .-i occurs in C,C ,-i for some s = Si where % ^ I. Thus, 
writing 

we have h s . ^ ^ ®' Multiplying the above equation on the left by 

C ai and using Lemma 1531 we conclude that 

C s'C ai(Tyb ~i = CyC^C^-i = c 0! c Si c CTab -i 

= /l Si,(7j / fe- 1 ,7rz- 1< -'a!^- 1 ' 

where s' = a;Sja/ £ &i >n -i. Considering the term corresponding to it = a x 
and z = b x , we see that ai<j x b~ x ^£ aia y b~ l . Finally, this yields 

x = a x a\o x b~ x ~ £ aio x b~ x ^£ aia y b y l ~ £ a x a\o x b~ x = y, 

by Theorem EH □ 

The above result has two immediate applications. 

Firstly, it provides a refinement of Theorem 15.21 Indeed, if we have x ~£ 
y, then Theorem 15.111 shows that u^' 1 ~c,i a yb y l anci , hence, b x = b y and 
&x ~£,i a y (by Proposition 14.41 and Lemma l4.3j) . 

Secondly, it refines the methods that Bonnafe used in 0]. Indeed, we 
obtain a new proof of the following statement concerning the two-sided 
Kazhdan-Lusztig pre-order. 

Corollary 5.12 (See Bonnafe A ). Let x,y € W n . Then the following hold. 

(a) /// := l t {x) = l t {y) and x ^ C Tl V, then a x ^ck,i °y 

(b) If x ~cil V, then I := l t (x) = l t {y) and a x ~ai,l °y 

Proof, (a) Assume that I := k(x) = k(y). To prove the implication "x ^cn 
y =>• <y x ^cil,i °~y \ we ma Y assume without loss of generality that x ^£ y 
or ^£ (since these are the elementary steps in the definition of 
^CTZ-) If x ^£ y, then Theorem 15.111 and Proposition 14.41 immediately yield 
<?x ^CR,i &yi as required. Assume now that ^£ y~ x . We have 



,r 



"' " 'a^cr^ 1 ) 1 = b x ai(aia x 1 a i )a x 1 



and so 

a x -i = b x , a x -i = aia x l au b x -\ = a x 
where o~\ is the longest element of &i. Note that ai = wiO\ where w\ is the 
longest element in Wj, and that W[ commutes with all elements of 
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see (SI §4]. A similar remark applies to y = a y aia y b y l . Now Theorem 15, 111 
and Proposition 14.41 imply aia~ 1 ai ^cn,l GWy 7 &l- Furthermore, conjuga- 
tion with o\ defines a Coxeter group automorphism of &i >n -i and, hence, 
preserves the Kazhdan-Lusztig pre-order relations ^c,h ^Tl,i an d ^cil,i'i see 
[THl Cor. 11.7]. Consequently, we have a' 1 ^cn,i &y • Finally, note that 
inversion certainly preserves the two-sided pre-order ^cn,i- Hence we have 
&x ^CK,l cr y , as desired. 

(b) If x ^cn Vi then l t (y) ^ k(x) by Proposition 15.41 Hence, if x ^ciz 
then we automatically have I := h(x) = h{y) and (a) yields o x ~cn,i °y ^ 

Now our efforts will be rewarded. Combining Example 14.91 with Theo- 
rem E21 Theorem 15.111 and Corollary 15.121 we obtain: 

Theorem 5.13. Recall that we are in the "asymptotic case" in type B n . 
Then the following implication holds for all x,y G W n : 

(*) x ^£ V and x ~ cn y => x ~£ y. 

Proof. Let x, y G W n be such that x ^£ y and x ^cn V- First of all, 
Corollary 15.121 implies that I := k(x) = h{y) and o x °~y Further- 

more, Theorem 15.111 implies that o x b~ x ^c,l a yb y 1 - Thus, the hypotheses 
of Conjecture 14.51 are satisfied for the elements o- x b~ l and o y b~ x in the sym- 
metric group & n , where we consider the parabolic subgroup (5; 5 „_;. Hence 
Example 14.91 implies that b x = b y and a x a y . Then Theorem 15 . 2 1 yields 
x ~£ y, as desired. □ 

Corollary 5.14. The sets | A G A n } are precisely the two-sided cells 
ofW n . 

Proof. Once is known to hold, two elements x, y G W n lie in the same 
two-sided cell if and only if there exists a sequence x = xq,x%, . . . = y 
of elements in W n such that, for each i, we have ~£ Xj or 
Hence the assertion is an immediate consequence of Corollary 15.31 □ 

6. On the left cell representations in type B n 

We keep the set-up of the previous section, where W n is a Coxeter group of 
type B n and where we consider the Kazhdan-Lusztig cells in the "asymptotic 
case" . Recall the partition 

AeA„ 

where A n is set of all pairs of partitions of total size n. An element w G 
W n belongs to 9K\ if and only if w corresponds to a pair of bitableaux 
of shape A under the generalized Robinson-Schensted correspondence. By 
Corollary 15.141 each set 9\\ is a two-sided cell. 

Recall that we denote by Irr(7^ n) ^-) the set of irreducible characters of 
7~in,K- For any left cell <£, we denote by x<t the character afforded by the 
T^if-module [€\k = K <8>a [£]a- 
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Theorem 6.1 (Bonnafe-Iancu [3] and Bonnafe 4, §5]). In the above setting, 
we have \£ £ ^(T~Cti,k) for any left cell £ in W n . Furthermore, let <t,<t\ 
be left cells and assume that <£ C <t\ C fR^ where \,fi G A n . Then the 
characters X€ an d X<£i are equal if and only if A = fx. 

(This is another example where the discussion in Remark 15.11 applies: 
the above statements were first proved in §7] for the weight function 
L° : W n — ► Z 2 . Using Remark I5.1f a). one easily shows that \£\a = A ®a° 
[£]a° where A is regarded as an A°-module via the map 8: A° —* A.) 

The main result of this section is Theorem 16.31 which shows that we even 
have <£ ~ (£i for any two left cells <£, <£i C 9t^, where "~" is the relation 
introduced in Definition 12.51 

Let us fix a pair of partitions A = (Ai, A2) G A n and let <£ C 9\ x be a left 
cell. We set I := | A2 1 - By [HI Prop. 4.8], we have k(w) = I for all w G 
In particular, we have lt(w) = I for all w£t Now recall the decomposition 
w = awaio-yjb^ 1 for any element w G W n , where I = k(w). We set 

<£ := {a G &i >n -l \ & = cr w for some w G £}. 

By Theorem 15.21 £ is a left cell in 6/ n _/. Next recall that &i >n -i = 6; X 
®[M-i,n] where 6[; + i jn ] = S n _;. It is well-known and easy to check that the 
Kazhdan-Lusztig pre-order relations are compatible with direct products; 
in particular, every left cell in 1 is a product of a left cell in 6/ and a 
left cell in G^ +l n ]. Thus, we can write 

C = € (0 -€ (B - 

where l£ ? is a left cell in 6; and £ * is a left cell in (Srj+i ^i. We use the 
explicit dot to indicate that the lengths of elements add up in this product: 

we have l(ar) = 1(a) + Z(r) for a G and r G By Theorem E21 

we have b x = 6^ for all ijeC. Let us denote b = b w for u; G £. Then we 
have 

<£ = Xi jTl -i ■ ai ■ <£ ■ b~ l = {caiab^ 1 \ c G X{ )n _{, cr G <£}. 
A first reduction is provided by the following result: 

Lemma 6.2 (Bonnafe-Iancu [31 Prop. 7.2] and Remark 15. In the above 
setting, <£b is a left cell and we have 

Now we can state the main result of this section. Again, this is in com- 
plete formal analogy to the situation in the symmetric group 6 n ; see Ex- 
ample EEIb). 

Theorem 6.3. Let A G A n . Then we have £ f» (£1 /or a// Ze/t ceZZs £ , <£± C 
Recall that this means that there exists a bisection (£ — > (L\, x 1— > xi, 
suc/i t/iai h W)X) y = h W:Xl>yi for all w G W„ and all x,y G <£. 

T/ie bijection x 1— > xi is uniquely determined by the condition that x\ G £1 
is Z/ie unique element in the same right cell as x G £. 
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Proof. First note that the second statement (concerning the uniqueness of 
the bijection) is a consequence of the first. Indeed, if there exists a bijection 
(£ — » (£1, x i— > xi, satisfying ( ( v ) ), then Proposition 12.131 shows that a; xi 
for any ieC. But Corollary 15.31 shows that two elements which are in the 
same right cell and in the same left cell are equal. Hence the element x\ is 
uniquely determined by the condition that x\ x. 

To establish the existence of such a bijection, let A = (Ai,A2) and set 
/ := |A 2 |. Let £,£1 C «H A be two left cells. We set 

£ := {a G &i >n -i | cr = o w for some w G £}, 

£i := {a G &i tU -i \ o~ = o~w for some w G 

by the above discussion, these are left cells in &i n —i. Furthermore, we can 
write 

€=C W -C M and ^ = €? 

where € 1 , €\ are left cells in 6; and £ n 1 , (E^ ' are left cells in 6^ +l n ]. 
We claim that 

(*) C^cf, £ {n - l) ^4 n - l \ 

Indeed, by Example 12.61 the classical Robinson-Schensted correspondence 
associates to a left cell of 6; a partition of Z and to a left cell in ©rj + i ^ a 
partition of re — i. Thus, we can associate a pair of partitions to (£. By [3J 
4.7], that pair of partitions is given by (A2,Ai). A similar remark applies 
to <£i, where we obtain the same pair of partitions. Now (*) follows from 
Example I2.(jf and the compatibility of left cells with direct products. 

To continue the proof it is sufficient, by Lemma 16.21 to consider the case 
where 

£ = Xi !fl -i ■ ait and <t± = Xi t n~i ■ ai€±. 

In this situation, we note that the sets a;£ and ai<£\ are contained in the 
parabolic subgroup 

Wi >n -i = W t x ©[/+!,„] where Wi = (t, s 1} . . . , sj_i) (type B t ). 

By |3J 4.1], we have a; = widi where wi is the longest element in Wi and &i 
is the longest element in S;. Since multiplication with the longest element 

preserves left cells, the sets cr^CC^ and o~i<ti^ are left cells in ©/. Hence (*) 
and Lemma 12.81 show that 

cj/£ w 07 C x . 

Applying Theorem 15. 21 to the group W\, we notice that every left cell in (3/ 

also is a left cell in W[. Hence the sets <7j£ and ai<t!p are left cells in W[. 
Then multiplication with the longest element wi G W\ and Lemma 12 . 81 yield 
that 

a,C (0 = wfaC®) Pa wfae?) = , 
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where the above sets are left cells in W\. Using the compatibility of left cells 
with direct products, we obtain 

a,£ = (a,£ (0 ) ■ £ M » (a;Cf) • = ai<£x, 

where the above sets are left cells in V^ >n _;. 

Thus, we have two left cells in the parabolic subgroup W/ jn _/ which are 
related by . Now let X^ n _i be the set of distinguished left coset repre- 
sentatives of Wi >n -i in W n . We certainly have Xi >n -i C X^ n -i and so 

£ = Xi^i ■ ail C X l>n ^ • a,£, 

£l = Xl,n-l ■ a l£l Q X^ n -i ■ a;£i. 

By Theorem 13.61 the sets Xj )TV _j • a/£ and X^ n _i ■ aid are both unions of 
left cells in W n and we have 

Xi >n -i ■ ai<L « Xi j7l _i ■ a/£i; 

see Proposition 13.91 Furthermore, by Corollary I3.1UI there is a left cell 

£ci, iB . r a|£ such that £ £1. 

It remains to show that £ = £. This can be seen as follows. Since £ ~ £1, 
we have £ C 9^. In particular, all elements in £ must have t-length Now 
we leave it as an exercice to the reader to check that 

X^ n _ x ■ Wi^i = {w G W n \l t (w) < I}. 

Hence we must have £ C X/ n _; ■ Wj n _;. On the other hand, we also have 
£ Xi n _i ■ a;£. Since Xi jU _i C X^ n _/ and a^£ C Wj )n _j, we conclude that 

£ C • W^-,) n (A\ n _, • a,£) = • a,£ = £ 

and so £ = £, as required. □ 

Following Graham-Lehrer |12l Definition 1.1], a quadruple (A, M, C, *) is 
called a "cell datum" for TC n if the following conditions are satisfied. 

(CI) A is a partially ordered set, {M(A) | A G A} is a collection of finite 
sets and 

C: JjM(A) x M(A) -» ft n 
aga 

is an injective map whose image is cin .A-bcisis of T^n? 
(C2) If A G A and 5,T G M(A), write C{S,T) = C^ T G H n . Then 

* : H n — > TC n is an A-linear anti-involution such that (Cg T )* = Cj. s . 
(C3) If A G A and S,T£ M(A), then for any element h G 7Y n we have 

hC s,T= E r h {S',S)C$, )T modW n (<A), 

S'eM(A) 

where r/j(S", 5) G ^4 is independent of T and where TL n {< A) is the 
A-submodule of 7i n generated by {Cg„ T „ \ fi < A; 5", T" G M(//)}. 
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In this case, we call the basis {C§ T } a "cellular basis" of H n . 

One reason for the importance of a cellular structure lies in the fact that 
it leads to a general theory of "Specht modules" and various applications 
concerning modular representations; see ^2] f° r more details. Graham and 
Lehrer j!21 §5] already showed that 7i n has a cellular structure, where they 
use a mixture of the Kazhdan-Lusztig basis and the standard basis. The 
point of the following result is that the Kazhdan-Lusztig basis in the "as- 
ymptotic case" directly gives a cellular structure. (The relation between the 
two structures will be discussed elsewhere.) 

Corollary 6.4. Recall that we are in the "asymptotic case" in type B n . 
Then the Kazhdan-Lusztig basis {C w \ w G W n } is a "cellular basis" ofTt n . 

Proof. We specify a "cell datum" as follows. First of all, let A := A n , the set 
of all pairs of partitions of total size n. By Corollary 15 .141 these parametrize 
the two-sided cells of W n . Hence we can define a partial order on A by 

A ^ if x ^cn V fo r some x G 9\ x , y 6 

(More explicitly, we could use the dominance order on bipartitions; see |lf)[ 
Prop. 5.3].) Next, for each A G A n , let M(A) := T x , the set of n-standard 
bitableaux of shape A. By Corollary I5.3[ we have a bijection 

T x xT x ^m x , (T, T') i— >• w x (T,T') 

such that w x (T, T')^ 1 = w\(T', T) for all T, V G T A . We set 

Cs, T ■= C Wx(s ,T) for A G A n and S, T G T A . 

Then the map 

C: ]J T x xT x ^H n , (S,T)^Cl T e T(A)), 

AeA„ 

satisfies the requirements in (CI). 

We define * : H n -> H n by = = T w -i for all w G W n . This is 
an A-linear anti-involution such that = C^-i for all w G W n ; see the 
remarks in (|2,2|) . Thus, we have 

K L 'S,T) - ^w x (S,T) - ^w x {S,T)-i - ^w x (T,S) - ^T,S 

for all A G A n and S,T G T x . Hence condition (C2) is satisfied. 

In order to check (C3), it is sufficient to assume that h = C w for some 
w G W n . Let A G A n and T G T x . For any S, S' G T x , we define 

r w (S',S) := h WjXjX > where 

Now consider the product 

C w Cgrp = C W C X = ^ ^ h w ^ x ^yCy where x = w x (S,T). 

yeW n 



j x := w x (S,T), 
\ x' :=w x (S',T). 
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If h W)X>y j^z 0, then y ^£ Hence Theorem 15.131 shows that either x V 
or x <cn V- So we can write 

C W Cgrp = ^ ^ h W>X> yCy THO<l Tt n (< A). 

yeWn 

Using Corollary 15.31 every y € W n such that x ~£ y has the form y = 
w\(S' , T) for some S' € T\. So we can rewrite the above relation as follows. 

CwCl T = r ™( 5 '> S )°S',T mod ^n(< A). 

S'6T A 

Finally, we must check that r w (S',S) is independent of T. To see this, 
let T\ € T A and define r^(S",5) := h w ^ Xl ^ x / where x\ = w\{S,T\) and 
x[ = w\(S' ,Ti). Arguing as above, we see that 

C ^S,Ti = E r ^'' Ws'K mod H n (< A). 
S'eT x 

Hence we have 

r w (S , S) = r w (S, S ) 44> h w ^ x ^ x > = h wxix ^. 

Now, Corollary 15.31 shows that x x%, x' x[, x ~£ x' and x\ ~£ a^. 
Hence the desired equality follows from Theorem 16.31 □ 

Remark 6.5. The above proof is modeled on the discussion of the Iwahori- 
Hecke algebra of the symmetric group & n in j!21 Example 1.2]. In that case, 
Graham and Lehrer state that (C3) is already implicit in Kazhdan-Lusztig 
|13j (or the work of Barbasch-Vogan and Vogan), which is not really the 
case. In fact, as the above proof shows, (C3) relies on the validity of both 
(^) and (4), and the latter was first proved by Lusztig ^1] (even for the 
symmetric group & n ). 

7. LUSZTIG'S HOMOMORPHISM FROM Ti. n TO THE RING J 

As a further application of the results of the previous section, we will 
now construct a new basis of 7i n with integral structure constants. First of 
all, this will lead to an analogue of Lusztig's "canonical" isomorphism from 
H. n ,K onto the group algebra KW n ; see Theorem 17.81 At the end of this 
section, we will see that the subring generated by that new basis is nothing 
but Lusztig's ring J. To establish that identification, we will rely on the 
recent results of Iancu and the author ^U] concerning Lusztig's a-function. 

Recall the basic set-up from the previous sections. In particular, recall 
the partition 

W n = J] 9* A , 

AeA„ 

where A n is the set of all pairs of partitions of total size n. Let us fix A 6 A n . 
In the following discussion, we will make repeated use of the bijection 

T A xT A ^9l A , (T,T') ^ w x (T,T>); 
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see Corollary 15. 31 Recall that this implies, in particular, that every left cell 
contains a unique element from the set 

V n := {z€W n \z 2 = 1}. 

For z G W n , we denote by d z the unique element in V n such that z ~£ d z . 

By Theorem 16.11 we have x<c £ irr (^n,_ft:) for all left cells in W n . This 
allows us to make the following construction. Let A G A n . We fix one left cell 
in 9ix an d denote its elements by {xi, ■ ■ ■ ,^d A }- We have a corresponding 
matrix representation 

£a: T~Cn,K -> M dx (K), where 3t^(C w ) = h WtXjtXi 

for 1 ^ i, j ^ c?a; see (|2.3j) . Let xa G Irr(Wn,if) be the character afforded 
by 3Lx- Now, if we vary A, we get all irreducible characters of l~Ln,K exactly 
once. Thus, we have a labelling 

lTl{Hn,K) = {xx I A G A n }. 

As in Section denote by {D w \ w G W n } the basis which is dual to the 
basis {C w | w G W n } with respect to the symmetrizing trace r. We have 
the following formula: 

r = ^2 — Xx, where cx G A for all A G A„. 

AeA n CA 

(In the present case, we do have cx G A; see [111 Theorem 9.3.5].) The main 
idea in this section is to apply Neunhoffer's results from the end of Section 2, 
concerning the explicit Wedderburn decomposition of Tt nt K in terms of the 
products C x T) y -i where x ~£ y. 

The following result is inspired by an analogous result for the symmetric 
group; see Neunhoffer |19[ Kap. VI, §4]. It crucially relies on Theorem 16.31 

Proposition 7.1. The elements {C 2 D^ z | z G W n } form a K-basis ofTL n) K- 
We have the following identity for any w G W: 

C w = h w c i z Z c- > ^C z Yy c i z , 

where \ z G A n is defined by the condition that z G 9\x z ■ Furthermore, we 
have the following multiplication rule: Ifw,zE W n satisfy w ~n z~ x then 

C z T>dz ■ C^D^ = cx z C u T>d u , 

where u G W n is the unique element such that z u ~£ w (see Corol- 
laru \5.S\) . Otherwise, we have C 2 D^ z • C^D^ = 0. 

Proof. First we prove the multiplication rule, by using a representation- 
theoretic argument. Let w,z G W n and suppose that C 2 D^ • C w D^ m ^ 0. 
Since Ti n ,K is split semisimple, we have 

X A (C z D^-C w D dw )^0 forsomeAGA n . 
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Let (£ be the left cell containing z and £1 be the left cell containing w. We 
claim that 

(*) C,£iC9t A and CwCiw^,...,^}, 

where {xi, . . . ,x^ A } is our chosen left cell in 0i\. Indeed, since X<r is irre- 
ducible, there exists some [i € A such that X<r is equivalent to X^. If we had 
A 7^ fi, then Lemma f2.11l would imply X^(C z D c ; z ) = 0, contradicting the 
choice of A. Thus, we have \x = A and so \<t = Xa- A similar argument shows 
that we also have Xej = Xa- But then Theorem 16.11 implies that £, £i C 
and Theorem 16,31 yields the second statement in (*). 

Let i, j € {1, . . . , d\} be such that z X{ and d z Xj. (These indices 
exist and are unique by Corollary 15.31 ) Then Theorem 16 . 31 and Lemma 12.121 
imply that 

C z D rfz = C Xi D -i. 

j 

Similarly, if k, I 6 {1, . . . , d\} are such that w and d w ccj, then 

C w D du , = C Xk D x -i. 



Now, by Lemma 12. 11| the above elements are multiples of matrix units with 
respect to the representation X\. (Recall that this is the representation 
afforded by the left cell {x\, . . . , x dx }-) Hence the usual multiplication rules 
for matrix units imply that j = k and 

C z T>d z ■ C w T) dw = C Xi T) x -i ■ C Xj ~D x -i = c\ C Xi D x -i. 

Finally, let d G T> n be the unique element such that d ~^ x\. Then, by 
Corollary 15.31 there is a unique element u € £H A such that d = d u and 
u ^-"R %i- In particular, this means that 

u ~n Xi ~ n z and u~ c d u = d~* ~£ xj 1 ~ c d w ~£ w. 

Furthermore, the condition j = k means that w xt = Xj ~^ d z = 
d~ x ~n z~ x . Thus, if C 2 D^ z • C W D^ ^ 0, we have established the desired 
multiplication rule. Conversely, by following the above arguments back- 
wards, one readily checks that C z Y) dz • C^D^ has the desired result if 
w, z G 9\\ for some A £ A n , w z^ 1 and z ~tj. u w where u £ 
Thus, the multiplication rule is proved. 
Now let x £ W n . Then we have 

C dx ~D x -i = C w D dw where d x ~ n w and x ~ n d w . 

Hence, for any z G W n , we obtain 

r-\ -r\ n t\ \ c\ z C u T) du if z ~ nU ~ cW ~ n z ~ l , 

z a * a * x I o otherwise. 

Using the fact that we are dealing with a pair of dual basis, this yields 
^• C ^i otherwise. 
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Now, if the above condition on u,z,w is satisfied, then we have w z^ 1 
and w ~£ d u = d~ x ~£ z~ l ; so we must have w = z~ l by Corollary 15.31 
But then we have x ~£ d x = d" 1 ~£ w~ l = z and ~£ (i^ 1 = ~£ 
w^ 1 = z, which yields x = z. Thus, we have shown that 

c\ if x = z, 



r(C z T> dz ■ C dx T> x -i) 



otherwise. 



t x ty 



In order to prove the identity C w = Ylztw h W) d z , z c^ 1 C z D^ z , we just mul- 
tiply both sides by Cd x D x -i and note that, upon applying r, we obtain the 
same result. Once this identity is established, it follows that the elements 
{C z Dd z | z £ W n } generate TL n ,K- Since this generating set has the correct 
cardinality, it forms a basis. □ 

Corollary 7.2. The matrix (hw,d z ,z) w z ^ is invertible over K. 

Proof. By Proposition 17. 1[ the above matrix describes the base change be- 
tween two basis of Ti. n ,K- D 

Definition 7.3. In the above setting, we consider the Z-submodule 

J n := (i w | w G W n )z C H n ,K, 

where we set i w := c^ 1 C^D^ for any w € W n . The multiplication rules in 
Corollary 17.11 immediately imply that J n is a subring of T~t n ,K) indeed, we 
have 

i z if x ~x and x ~ n z ~£ y, 
otherwise. 
Furthermore, we have a decomposition 

J n = J ra) A (direct sum of two-sided ideals), 

AeA n 

where J U) \ := (t w \ w £ 9^a)z for every A € A„. 

We will see at the end of this section that J n actually is the ring J 
introduced by Lusztig in Chap. 18]. However, our basis elements t w will 
not correspond directly to Lusztig's basis elements. We have to perform a 
transformation of the following type. 

Let w i — > fi w be an integer- valued function on W n satisfying the following 
two properties: 

(Nl) we have h w = ±1 for all w G W n ; 

(N2) the function w \—* h w is constant on right cells. 
Having fixed a function as above, we set t w := h w t w for all w € W n . By 
(Nl), the elements {t w \ w £ W n } form a new Z-basis of the ring J n . 
Writing 

t x t y = ^ %y,z-i tz (x, y 6 W n ), 
zew n 

the structure constants J xyz -i are given by: 
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(N3) 7 -i = { ™ y = ±:L if X ~ c y 1 and X ~ n Z ~ £ y ' 
v > ix,y,z 1 | otherwise; 

see Proposition 17.11 The following results will all be formulated in terms of 
the basis {t w \ w G W n } of J n , where we assume throughout that a function 
satisfying (Nl), (N2) has been fixed. An obvious example is given by 
the function n w = 1 for all w G W n . (As we will see at the end of this 
section, we have to take a different function in order to identify t w with the 
corresponding element in Lusztig's construction.) 

Corollary 7.4. The ring J n introduced above has unit element 

T\ = h z t z (where T\ is the unit element in T~L n ). 

z&V n 

For every A G A n , we have J n \ = M^ A (Z). 

Proof. Let z G T> n and assume that z G Since d z = z is an involution, 
the argument in the proof of Proposition 17.11 now shows that 

C Z D Z = C Xi D x -i for some 1 < i < d\, 
where {x\, . . . ,x^ A } C 9\ x is our chosen left cell. Furthermore, we have 

dx 

E c,d, = £cvv. 

zev„n<n x i=i 
By Lemma Ti. Ill the image of the above element under X M is if A ^ /x, and 
c\ times the identity matrix if A = \x. 

Hence we conclude that the image of e := Ylzev ^ G J n under X\ (for 
any A) is the identity matrix. Since TL n K is split semisimple, this implies 
that e is the identity element in 7i n ^K, that is, we have e = T\. □ 

We can now establish the following result which is in complete analogy 
to Lusztig QH Theorem 18.9]. 

Corollary 7.5. Let J n ^ = A ® z J n = (t w \ w G W h )a Q H n> K- The 
A-linear map <j>: 7i n — > J n ^ defined by 

<P( C t)= Yl h ™,d z , Z n z t z (weW n ) 
z£W n 

is a homomorphism of A-algebras respecting the unit elements. 

Proof. Since J n ^A w T~(-nKi the above formula actually defines a X-linear 
map cj)K '■ 7~in,K — > whose restriction to H n is 0. By Proposition 17.11 

the set {t m | u> G W n } is a basis of TL n ,K- Furthermore, the formula in 
that proposition shows that ^(t^,) = i w for all w G W n . Thus, we have 
4>K S = id on H n; K and, consequently, cpx is a if-algebra homomorphism 
respecting the unit elements. □ 

The next result can be regarded as a weak version of property (P15) in 
Lusztig's list of conjectures in |TH1 Chap. 14]. 
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Proposition 7.6 (Compare Lusztig [IB, 18.9(b)]). Let x,x' ,y, z,w G W n 
be such that y ~£ x' ~tj, x . T/ien we /icwe 

Proof. By assumption, we have x ~£ and x' ~£ y. Hence we have 
x,x',y G for some A G 9^- So, by Corollary 15.31 there exist unique 
elements z$,z\ G 9^a such that 

x ~ n Zq r^ c x' and x'~ x ~£ si ~^ y. 

Now Proposition 17.11 shows that J xx > z -i = unless z = zq, in which case 
the result is A f xx , z -\ = h x i. Similarly, we have 7^'^-! = unless z = z\, 
in which case the result is j Zl x ' y -i = h x >. Hence the desired equality is 
equivalent to the identity 

(*) ^"i",ZQ,y — h WXZl . 

Suppose that h w>Zo>y ^ 0. Then y ^£ z o- We conclude that 

x' ~£ y ^£ zo ~£ x' 
and so y ~£ zq. On the other hand, we have zq x and, hence, 

Z\ ~£ X' _1 ~£ X ~£ z - 

So we can apply Theorem 16.31 and this yields h w ^ Zoy = h W)X>Zl . Thus, (*) 
holds in this case. Conversely, if h w>x Zl ^ 0, then a similar argument shows 
that, again, (*) holds. Finally, this also yields that h WjZfhy = if and only if 
h w ,x,z! = 0. Thus, (*) holds in all cases. □ 

Let £ be the free A-module with basis {e x \ x G W n }. Identifying TL n and 
£ via C w 1—5- e w , the obvious 7Y n -module on Ti n (given by left multiplication) 
becomes the W n -module on £ given by 

C w .e x = ^2 h WjXjV £ y (w,x€W n ). 
yew„ 

On the other hand, we can also identify £ with J ni A, via e w *— > n w t w . Then 
the obvious J^-module structure on J Uj a (given by left multiplication) 
becomes the J nj A-module structure on £ given by 

t w *£x= ^ ^w,x,y^ n x n y £ y (w, x G W n ). 

y£W n 

Now we can state the following result. 

Corollary 7.7 (Compare Lusztig |18l 18.10]). For any h G TL n and any 

x G W n , the difference h.e x — <f>(h s ) * e x is an A-linear combination of 
elements e y where y <cn % (that is, we have y ^cn % but y ^cn 
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Proof. It is enough to prove this for h = C w where w G W n . Then we have 

4>{C 5 W ) *£ x = ^2 h w,dz,zh z t z -k£ x 

zew n 

= y ] ^ ] h W> d z ,Z Iz^^ 1 nzflxfly Ey. 
ZGWn y&W n 

Now, if the term correponding to y, z is non-zero, then we have J zxy -i 7^ 
and so z y. Hence we also have n z = h y and so n z n y = 1. By a 
similar argument, we can also assume that x ~£ y and x^ 1 ~£ z ~£ d z . In 
particular, we have d z = d x -i. Consequently, we can rewrite the above sum 
as follows: 

4>{C S W ) * £ x = ( h ^A-i,z%,x,y-^ n x E y 

yGWn z£W„ 
x~ c y 

yGW„ zGW n 
x~ c y 

where the second equality holds by Proposition 17.61 Now, by (N3), we have 
Id -i^.z- 1 = unless x = z in which case the result equals h x . Hence the 
above sum reduces to: 

yew„ 
x~ c y 

On the other hand, we know that [4/i) holds by Theorem 15.131 So, for any 

y' G W n , we have h W!X>y i = unless y' ~£ x or y' <cn x. Hence we see that, 
indeed, the difference h.e — 4>{C S W ) *£ x has the required form. □ 

We now apply the above results to construct a "canonical" algebra iso- 
morphism from TCn t K onto KW n , the group algebra of W n over K. Let 
R = Q[T] = Q ®zA and set H n ,R = R® A H n , J n ,R ■= R ®A J A- The 
previously defined modules structures of 7i n and J n: A on £ naturally extend 
to module structures of TL n ,R and J n ,R, respectively, on £r = R Cg)^ £. Now 
we also describe an RW n -module structure on Er = R®a £, as follows. We 
have a ring homomorphism 

e-.R^R, e 7 ^l (7GI). 

We can regard R as an R- module via 6; then we obtain R <S>r Tin = RW n . 
We denote c w = 1 <g> C w G RW n for any w G W n . Hence, we may also regard 
Er as an RW n -module, where c w (w G W n ) acts by 

c w oe x = ^2 0(h w>x> y) e y for any x G W n . 

Note that this .RH^-module structure on £r coincides with the obvious 
structure (given by left multiplication), where we identity RW n and £r via 
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Theorem 7.8 (See Lusztig |14| Theorem 3.1] in the case of equal param- 
eters). There is a unique homomorphism of R- algebras <3?: 7i n ,R — > RW n 
such that, for any h E 7i ni R and any x G W n , the difference h.e x — <&{h)oe x 
is a linear combination of elements e y with y <cn x. Furthermore, writing 

*(C W ) = ^2 $ w , z z where $ w , z G R, 
zew n 

we have <3? W]2 = § WjZ and 0(<fr WjZ ) = 5 WZ for all w,z G W n . Finally, the 
induced map &k : T~L nj K ~ ¥ KW n is an isomorphism. 

(Here, 5 WZ denotes the Kronecker delta, and r i— ► f is the ring involution 
such that e 7 i— > e -7 for all 7 6 T). 

Proof. First we show the uniqueness statement. Let <&i : 7^ ra) _R — > i?W n (i = 
1, 2) be two homomorphisms such that, for any h G T~in,R and any x G W n , 
the difference /i.e x — &i(h) o e x is a linear combination of elements e y with 
U <CR x - Then the difference ($i(/i) — &2(h))o£ x is a linear combination of 
elements e y with y y. Consequently, 3>i(/i) — <3?2(^) G RW n C iiTWn acts 
as a nilpotent operator on = K ®r £. But, as we already noted above, 
£k is the left regular KW n -module, hence we must have 3>i(/i) — $2(h) = 0. 

So it remains to show that an i?-algebra homomorphism <3? with the re- 
quired properties does exist. In Corollary 17.51 we extend scalars from A to 
R and obtain a homomorphism of i?-algebras 

Ot '■ T~in,R ~ * Jr = R ®A J A) C W ^4>(C & W ). 

Explicitly, a is given by the formula 

a(C w ) = h WjdzjZ h z t z for any w G W n . 

Z£W„ 

(We can take h z = 1 for all 2 G W n .) By Corollary 17.71 the above homo- 
morphism has the property that, for any h G T~L n ,R and any x G W n , the 
difference /i.e^ — a(h) -ke x is an i?-linear combination of elements e y where 
V <cn x. 

Now, as before, we regard R as an i?-module via 9 and extend scalars. 
Since the structure constants of J n with respect to the basis {t w } are inte- 
gers, they are not affected by 6. Hence we obtain an induced homomorphism 
of ii-algebras 

0: RW n ^J R 

such that 

Pifiw) = ^ ^( h w,d z , z )n z t z for any w G W n . 

zew„ 

Now the identity in Proposition 17.11 "specializes" to an analogous identity 
in RW n . (Note that 0(c A ) = \W n \/d\ + for each A G A n ; see HH §8.1].) 
We deduce from this that the matrix 
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is invertible over K. Since the coefficients of that matrix lie in Q, so do the 
coefficients of its inverse. Consequently, [3 is an isomorphism of ii-algebras. 
Furthermore, a computation analogous to that in the proof of Corollary 17. 71 
shows that we have 

(3{c w ) * £ x = ^ 0(^u!,x,i/) e y for an y x,w <E W n , 

y£W n 

and that [3{c w )-k£ x — c w oe x is an i?-linear combination of elements e y where 
V <cn x. Consequently, since (3 is an isomorphism, we also have that, for 
any i £ J n ^ and any x E W n , the difference l*e x — /3 (i)Oe x is an i?-linear 
combination of elements e y where y <cn x. Now we set 

$ := /3' 1 o a: H n ,R — > RW n . 

Let h £ T~t n ,R and x £ VF n . Setting i := a(h) E J n ,R, we obtain that 

h.e x — <3?(/i) o e x = h.e x — a(h) * e x + a(h) * e x — o e x 

= (h.e x - a(h) * e^) + (<,★£,.- /? _1 (0 o e x ) 

is an i?-linear combination of elements e y where y <ciz x, as required. 

Finally, <])k is an isomorphism since ax is invertible (see Corollary 17.2(1 
and (3 is cin isomorphism. Furthermore, the coefficients *&w,z 

have the stated 

properties, since $ is defined as the composition of a (whose matrix is given 
by the coefficients h w a z ) and the inverse of (3 (whose matrix is given by 
the inverse of the matrix with coefficients 6(h w & z z )). □ 

Note that the above proof relies on the existence of the homomorphism 
(j) : TC n — ► J n and Corollaries 17.21 17.71 We could not follow Lusztig's original 
proof in ^1] since, in the present case, the constants My W appearing in the 
multiplication formula for the Kazhdan-Lusztig basis are no longer integers. 

Example 7.9. Let us consider the case n = 2, where W% = (t, si) is the di- 
hedral group of order 8. We set so = t. The coefficients h StVtZ (for s = sq,s\) 
and the left cells have already been determined by an explicit computation 
in ^3 §6]. The left cells are 

{1}, {si}, {s ,s 1 s }, {s 1 s s 1 ,s s 1 }, {s sis }, {w } 

where wq = siSqS\Sq is the unique element of maximal length. For each left 
cell, the first element listed is the unique element from T>2 in that left cell. 
From the information in 15, §6], we know h Wj d z ,z for w E {sO) s i}- This 
yields the following formulas for the homomorphism <fi: TL2 — * Ji.A'- 

cf>(C S0 ) = (Q+Q- 1 )^ + (Qq-'+Q-'q)^ 

0(C Sl ) = (q+q~ 1 )t Sl +t SlSo + (q+q^tsisos! + (q+q' 1 )^, 

where we take the function h w = 1 for all w E W2. Using the multiplication 
formula for the Kazhdan-Lusztig basis, we can deduce explicit expressions 
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of 4>(C W ), for any w G W2', this yields the whole matrix of coefficients 
(h w ,dz,z)w,z- In order to construct <£: H.2,r — > RW2, we follow the proof 
of Theorem 17.81 First, we apply the ring homomorphism 9: R — > i?, that 
is, we specialise 1— > 1. The matrix of all coefficients 0(h w ^ z ,z) is given 
in Table ^ Composing the matrix of <j> with the inverse of the matrix in 
Tableland expressing the basis {c w } of RW2 in terms of the standard basis 
consisting of group elements, we obtain the following explicit description of 
the homomorphism $: H.2,r — ¥ RW2- 

$(T S0 ) = \{Q- Q~ l ) ■ l + \{Q + Q~ l ) ■ so 

+ ^(Q-Qq^-Q^q+Q^ 1 ) ■ (-«i + sis - s s 1 + s sis ), 

HT Sl ) = ±(q- q - 1 )-l + ±( q + q- 1 )-s 1 

+ -(q - 2 + q~ l ) ■ (-s - sis + s si + sis si). 

Note that the formulas do not make any reference to the Kazhdan-Lusztig 
basis. Further note that the above formulas specialise to T SQ 1— > so, T Sl t— > si 
when we set Q, > 1. Also, if we consider the images of C so = T so + Q T\ 
and C S1 = T S1 + q T±, then all the coefficients are seen to be fixed by the 
involution r 1— ► f, as stated in Theorem 17.81 



Table 1. The coefficients 9(h w ^ z ,z) in type B2 



9(h Wt d z , z ) 


1 


si 


S SiS 


SlS Sl S Sl 


SQSlSo 


Wo 


1 


1 


1 


1 


1 


1 


1 


si 





2 


1 


2 





2 


so 








2 


2 


2 


2 


S\S 








2 


2 





4 


SlSQSl 








2 


4 





8 


SqSi 








2 


4 





4 


sosiso 














-4 


4 


w 
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To close this section, we explain how to identify J n with Lusztig's ring J. 
First we need some definitions. 

Let z G W n . Following Lusztig |18l 14.1], we define an element A n (z) G V 
and an integer / n 2 £ Z by the condition 

e A n (z) p *^ _ Hz mod a<q . 

note that A n (z) ^ 0. Following ^Bl 13.6], we define a function a n : W n — ► T 
as follows. Let z G PF n . Then we set 

a n (z) := min{7 ^ | e 7 h Xj y jZ G for all x,y G 



Relative Kazhdan— Lusztig cells 47 

Furthermore, for any x,y,z G W n , we set 

Tx,^^- 1 = constant term of e a ™(^ £ 

Following [TBI Chap. 18] , we use the constants 72,3/, z to define a new bilinear 
pairing on our free abelian group J n with basis {t w \ w G W n } by 

t x •ty'-=} J lx,y,z-^ tz for all x,y eW. 

As explained in |18| Chap. 18], one can show that (J n ,») is an associative 
ring with unit element lj = Y2deT> n n d~kdi if the following properties from 
Lusztig's list of conjectures in Chap. 14] hold, where 

V := {z G W n | an(z) = A n (z)}. 

(PI) For any z G W n we have a ra (z) ^ A. n (z). 
(P2) If d G V n and x, y G W n satisfy Tr,^ 7^ 0, then x = y^ 1 . 
(P3) If y G Wn, there exists a unique cZ G V n such that 7 y -i y d 7^ 0- 
(P4) If z' ^£7£ 2 then a n (z') ^ a n (z). Hence, if 2/ ~£-r. z, then a n (z) = 
a n (z'). 

(P5) If d G £>„, y G W n , 7y-i, w ,d / °i then 7 J /- 1 ,»,d = n rf = ±L 
(P6) If d G £> n , then d 2 = 1. 

(P7) For any x,y,z G W n , we have 7^^ = 7j / , 2 , x - 
(P8) Let x,y,z G W„ be such that 7x,j/,2 7^ 0. Then x ~£ y ~£ 
z ~£ a; -1 . 
Now we have the following result: 

Theorem 7.10 (Geck-Iancu jlOl Theorem 1.3]). In the "asymptotic case" 
in type B n , all the properties (PI)— (P15) from Lusztig's list of conjectures 
in [El Chap. 14] hold, except possibly (P9) ; (P10) and (P15). Further- 
more, we have T> = T> n := {z G W n \ z 2 = 1}. 

In particular, (PI)— (P8) hold and so we do have an associative ring 
(J n , •) with unit element. 

Following ^2 18.8], we set n m := rid, where d G T> n is the unique element 
such that d ~£ w~ x (which exists and is unique by Corollary I5.3j) . By 
construction, the function w 1— > h w is constant on the right cells of W n . 
Thus, w 1 — ► riyj is an integer- valued function on W n which satisfies (N2). 
By (P5), we see that (Nl) also holds. 

We shall now take this function in the above discussion. That is, the 
formula (N3) reads: 

= ( n d if x ~£ y- 1 , y ~£ z, z ~^ x, d = cT 1 ~ £ y~ x , 
"^' z 1 1 otherwise; 

Now we can state the following result. 

Proposition 7.11. For any x,y,z G Wn, we have % yz -i = Jx^z- 1 - 
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Proof. Let x,y, z G W n be such that x ~£ y , y ~£ z and ~£ x . By 
(P3), there exists a unique (i G P„ such that 7 x -i jX; rf 7^ 0. We have d 2 = 1. 
Hence, by (P8), we obtain d ~£ x ~£ y _1 and so 

7x,{/,^ _1 = n y = n d] 
see the formula in Definition 17.31 This yields the identity 

%,y,z-i =n d = l x -\x,d = lx,d,x-i; see ( P5 ) 5 ( P7 )- 
Now, since d = d^ 1 y, x 2 and y ~£ z, we have 

= h x , y , z ; see Theorem E31 
By (P4), we have a n (a;) = a n (z). Hence the above identity implies that 
SL n { x )h x ,d,x an d &-(z)nh x ,y,z have the same constant term and so 

^7x,y,z~ 1 1x,d,x~ 1 1x,y,z~ 

as required. It remains to consider the case where x, y, z do not satisfy the 
conditions x ~£ y , y ~£ z, z^ 1 ~£ sc . But then we have j xyz -i = by 
Proposition 17. II and J Xj y )Z -i = by (P8). Hence we have 7r,i/,z -1 — ^1x,y,z~ 1 
in all cases. □ 

Combining Theorem l7. 101 with the results in this paper, we can summarize 
the situation as follows. 

Corollary 7.12. In the "asymptotic case" in type B n , the properties (PI) 
(P14) from Lusztig's list in ^HJ Chap. 14] hold. Furthermore, we have the 
weak version of (P15) in Proposition \7. 6] The ring J n with its ring structure 
given by J n C H n ^K o-s in Definition \ 7. 3\ is Lusztig's ring (J n ,»). 

Proof. The statement concerning J n follows from Proposition ^. 1 ll Further- 
more, taking into account Theorem 17. 101 it only remains to consider: 

(P9) x <£ y and a n (x) = a n (y) x ~£ y, 

(P10) x y and a n (x) = a n (y) => x ~ n y. 

Now, by .18} 14.10], property (P10) is a formal consequence of (P9). To 
prove (P9), let x,y E W n be such that x ^£ y and a n (x) = a n (y). By 
Theorem I7.10| we know that the following holds: 

(Pll) x ^cn V and a n (x) = a n (y) => x ~£^ y. 

Hence we conclude that x ^cn and yields x ~£ y, as desired. □ 
Remark 7.13. The defining formula for (j) in |181 18.9] reads 
<P( c l) = ^ h w,d, z n z t z . 

zeW n ,d£T> n 
an(z)=a n (d) 

But, once (P9) is known to hold, the above formula reduces to the one 
in Corollary 17.51 Indeed, assume that z £ W n and d G V n are such that 
a n (-z) = a n (ii) and h w ^, z 7^ 0. Then z ^£ d and (P9) implies that z ~£ d. 
Thus, we must have d = d z . 



Relative Kazhdan— Lusztig cells 



19 



Remark 7.14. In it is shown that the existence of Lusztig's homomor- 
phism into the ring J has various applications in the modular representation 
theory of Iwahori-Hecke algebras, most notably the fact that there is a nat- 
ural "unitriangular" structure on the decomposition matrix associated with 
a non-semisimple specialisation. Given Corollarv l7. 121 and the results in this 
paper, we can now apply the theory developed in to H n as well. This 
should lead to new proofs of some results by Dipper-James-Murphy 
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